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otatistical Investigation of the Fatigue Life of
Deep-Groove Ball Bearings

]. Lieblein and M. Zelen

Fatigue in Bn impartant factor in determining the serviee life of ball bearings. DBearing
mannfacturers are therefore constantly engaged in fatigue-testing operstions in order to
obtsin inforination relating fatigne life to load snd other faetors.  Several of the larger manu-
laeturera have reently pooled thelr test data in & eooperative cfort to sut up unlform and
standardized ball-bearing application formulas, which would benefit, the many usera of Brti-
friotion bearings. These data were compiled by the Amerioan Btandards Assosiation, which
subsequently vequested that the Nattonsl Burean of Standards perform the nesessary
anglvses. This paper summarizes the princlpsl results of the sonslyses undertaken by the
Burean, and denscriben the statintical procedurea used in the investigation,

1. Introduction

1.1. Statement of Problem

The experience of hall-bearing manufacturers over many years has led 40 the noceptance
of &n equotion of tha form |15, p. 15, #q (533]!

L=(ipye, (1}

relating fatigue life L to load P when other factors are kept constant. In the above equation,
£'is termed the “basic (dynamic) capacity,” and is defined [15, p. 45] as the constant besring
ipad (in pounds) that 20 percent of a group of similar bearings can endure for one million
revolutions under the given ronning conditiona.

The quantity €'in eq {1} depends upon the cheracteristics of the beanng type, a5 Indicated
in [15, p. 32, eg (120)]. When the expression cited is substituted in eq (1}, the fetigue-fife
formule for boff bearings takes the form

L=[Ef’ﬂ§ifj_@w]’. (2)

Tlhe aymhbols are defined ss follows:

Z=npumber of balls.

D, =hsll diameter 1 1ncles.

i=number of rows.

a=contacl anple.

F=bearing load in pounds.

L=number of million revolutions that a spercificd pereentage of bearings will fail to sur-
vive on sccount of fatigne cavsea. Tf the percentage is 10, then I=1L,, and is
terined the rating ffe; if the percentage is 50, then L=0,, the median life.

£, 54, @, 0y, f ore taken s unknown parameters whose values have Lo be eslimated from

given date.
Smee t=1 and a=0" for deep-grooze ball bearings, with which this paper is exclusively
concerned, the life equation that will henceforth be eonsidered takes the form

{I52] =

L Figures In brackols Indloade the liecalure mfernss al e ond of this paper,
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The mein goal of this investigation was to detertnine the “best values'" of the unknown
paramelers in the life equation from the experimental detn. Ooe of the major problems was
to determine the value of the exponent p, as there was disagreement within the ball-bearing
induatry whelher an appropriate valoe for p was 3, 4, or some other value.

1.2. Description of Data

The data available for analysis consisted of sets of records summarizing endurance tests
for deepgroove ball besrings. These tesls were carried out over & period of years by {our
major ball-bearing companies. In the interest of trade snonymity, these companies will
henceforth be designated by A, B, C, and D. Each cndurance test consisted of 2 number of
bearings of the same type (the number varying from test to test), which were tested simul-
tanesusly vnder the same load and running conditions. Table 1 summerizes the nomber of
teat groups of date for ench company. The date from company B were sutheiently extensive
te: permit a further breskdown into three bearing types, here denoted by B-1, B-2, and B-2.

Tanie 1. Surmmary of ball-bearing doda

Humber of test Tatal numhber of
Company EroLps bexrings In tesi
Eroups
B i ot 1, 254
B.ﬁ _____________________________________________________ 118 2 289
pe B—1_ I 7 2 I
Type B-2_____ .. e e M| ..
CTJ’I-"C B-3 s 12 . 51
¥ S 3 109
Total (all companmies) __ . ._._._ _ _ _ _ ... e 213 4, H48

The worksheets, summarizing the tesis, recorded the number of millions of revelutions
reached by cach beanng in the test group before fatigue frilyre.  Information was slso given
for those tests terminated before all bearings in the test group failed.  In addition to the test
resultz, the worksheets included infermation on the characteristics of the bearing type {e. g,
values for Z, 1), ¢, o} and lond 2*, 85 well as other itetnz of descriptive and identifying inforins-
tion. A apecimen worksheet is reproduced m appendix A,

All necessary quantities for evaluating the unknown paramsters in the lifs aquation {32)
were given directly on the worksheets except the fatigne life L2 This quantity can be estimnated
from the ohserved fatigue lives of imdividual bearings within s test gronp. Ar already noted,
two concepts of fatigue life are used for L, nemely, the ratrng fife Ly, and the median Fife Ly
Separate analyses have been carried out with regard to each throughout.

Appendix A summarizes the dats taken frem the orginel worksheets that were uged in
the statistical analysis. Alse given arc the computed valuees for Ly, Ly, and the “Weibull
alope’ £ {which relates to the dispersion of fatigue lives). The methods for obtaining thess
fuantities from the besring date are given in detail in appendix B.

1.3. Asgumptions for the Stalistical Analyses

All conclusions reached in this report, and all statistical analyses employed, ara bazed upon
the following principal assumptions:

{8} The lifs formula (2) iz the proper functional form for deseribing fatigue Jife in ball
bearinga.

{b) Differences in the measured life of bearings claasad as identical, tested nt the zame load,
rofleet only the inherent variability of fatizue lifs, and are free from s¥atematic errors that may
wrize from diffarent teat conditions, materials, manufactoring methods, ete,

1 Cerlaln estimatns for L anvd T w hed teen eniersd on Live sorkebeels for meny of the tests.  Fowever, thece were nod reaneded 85 port of the
data athb. ltted Tar pnedysla,
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(e} All the bearings in & test group can be regarded as a random sample from a homageneous
population of ball bearings.

{d) The probahility distribution of the number of revolutions to fatigus failure ia of the
sama form for each test group, althougl its parameters may differ from group to group.

{n) This fatipue-life distribution i3 of the type known as tha “Weibnl] distribution "

The purely statistical assumptions, (¢} to (e}, served as the hasis for the detormination
of L, F5, and & for each test group. Assumption {e), however, is nat involved in the methods
used to eveluate the parameters in the life formula {2} from given valucs of Ly, or Ly, A
different. azsumaed form for the distribution of fatigua life might give somewhat different values
for Ly, and Ly, but the aama methods conid then be used to evaluate the anknown parameters
in the life formula {2},

Otler assumptions of & more technical nature were necessary in the course of the analyses.
These are discuzsed in appendizez B and C.

As in all cases where inferences are made from given data, the conclusions reached here
pertain only to the population from which the given data ¢an be reparded as conshituting &
random sample.

2. Cuiline of Statistical Analyses

The stabistical analyscs were divided into two phases. The first plase considered the
problem of finding estimnates of Ly, Ly, and the Weibull slope ¢ from the given test data; the
secontd phese nsed these estimates of L, and Ly, to eveloate the unknown values of the param-
eters in the life formula. )

2.1. Estimation of Lln and Lm

The quantity L depends upon the existenee of an underlyving probability distribution of
bearing lives. Seleetion of n distribution or population is equivalent to specifying the proba-
bality that a bearing sclected at random from such a popualation will survive any given number
of revolutions, L, or, converscly, that if £ is & specified probebility, then L ie the lfe period
that will be survived with thiz probability, e. g,

Db for L=f;|.;.
Prohability {life>L}=¢=
S0 for L=1a,.

Accordingly, any L, such as Ly or L5, must be obtained by estimating a characteristic of
the aszumed distribution, For reasons described in appendix B, the distribution characterizing
ball-hearing fatigue life was taken to be the Weibull distribution. In brief, this distribution
can be derived by gssuming a “weakest-link?’ coneept of fatizue strength.  In addition, the
siitability of the Weibull distribution for fatipue life has been vertfied in many cases hy smpirical
pletting of data.

One method of estimating L,y or Ly makes use of special probahiliiy-plotting paper s¢
designed that a theerstical Weibull distribution plota aa o straight ling, and treata the problem
ss onc of straight-line fitting by conventional least aquares procedures, However, the procedurs
uzually followed does not take into full acconunt the numther of bearings that remain intact when
tests mre incomplete, nor the interdependence of successive points.  Because of these and other
bimitations, it was decided to use an alternetive approach in the estimstion of Ly, and L for
each test group {see appendix B),

To this end, a method was developed that takes inte account explicitly the aumber of
bearings remnaining intact at the termination of a test, and that alsc possesscs several other
advantages. Thiz method makes use of certain spectally determined linenr funciions of the
observed failure timea (in logarithms), 2,, arranged in order of sige. Thesc functions have the
general form

T— i,‘cj.r;. {3)
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As the method makes inlimate use of the ordered arrangement of the data, it is termed an
“order statistics" method.

The cosflicients ¢;in eq [3) allow great Hexibility. Theyr have been determined in aweh
a manner that the method will have certain desirable objective ¢haracteristiea, e. g., freedom
froin systernatic error and & minimom standard error.

2.2. Evaluation of the Parameters in the Life Formula

Onca the estimates for L, and Ly are obtained, it iz possible to evalunte the exponent p
it1 the life formula. However, in arder t¢ make the most efficient use of the given duta, it is
neccspary also to estimate the othor paramoters, §, a,, and a;.

The methode for estimating the values of L, and Ly for each Lest proup actually yield
reaults for In Ly and In Ly Thus, taking logarithms ® of the life equation (2a) gives

In L={(p In £.}+(pe)) In Z4 (pa;) In D,—p lu P. (4)
This equation can be writlen more sinply a8
F=tpt bymy - bae 4By, ()

whers )
¥Y=In L {tor cither L or L),

b’llzi}]n .f:r 'b!=ml:l 5-.*=?m'.'- bﬂz_pr {ﬁ::l

a=In Z, z;,=n &, x;=In P.

The quantities z,, &, snd #; depend on the characteristics of the bearing type and test
conditions, and can be regarded as known exactly. On the other hand, the vardable ¥, which
depende on the outeome of the beaning tests, 1= subject to considerable dispersion. Thus,
catimnates can be found for the parameters by, §,, 5, and 5;, using standard leaat squares methods
based on minimizing the sums of squared deviations in Lhe ¥ direclion. These methods are
discussed in deteil in appendix O,

After the paremelers by, &, b, and & are estimated, values for &, ¢y, 2, and p can be
found from the relations

m:[n f¢=—g§ a,l=-—b—:

I e b? —_——
&2 5. r by
It is clear that the values for do, &), and g depend on the value of 5.

The eatimates for p and the ¢'s ate subject to some uncertainties hecause they are baged
on test results, which themselves are subject to considerable varishility., Henca with every
walue of p and of the a's caleulated from the life data, there i given alzo an interval of un-
cartainty to indicate its precision. These intervals are ¥ 05-percent confidence limits," 4

A lerge interval of uncertainty associated with an estimate indicates poor pracision; s
smpll intervel of uncertainty is svidenee of high preeision. These intervels of uncertainty
not only reflect the inherent variability of the test date, but are alzo affected by (2) how well
the Lfe equation (2a) is the proper functional form for bearing life, and (L) the suitability of
the data (including the number of tast groups) for estimating the parameters in the life formula.

Furthor technical details coneerning the evaluation of the peramcters in the life formula
are piven in appendix C,

1 Matural kgarithios @ the heso ¢ sz uaed theoughaut.
1 Priefly, confidenes niervals digeribe (he sobymd by of te obsmaibone with s uhkueasn paratiewss satimsled oo fhem; S-mercent
dobiflence [imits un: limits mech that om the sverags, In repealad spplications of the same procedurs, 16 parcenit of intermly »o culeU Bl will

corkain the wnkmown thae valie of the purameter.  Tha condenee Liobts omocleted wlth p ore symmetrly.  However, Uw o Odenes 1l sso-
cluted] with the a's aTe SaF ML emaikes of the deperletos of Lim o's oo .
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3. Bummary of Analyses

3.1. Evaluntion of Parameter o

The statistical analveis based on all deeproove ball-beaving data from companies A, B,
and CF yvielded the final values for » shown in table 2. The separate vahues for sach of the
three companies are given in table 3. The intervals of imeertainty specified by 4+ quantities
in those tables refor to intervals within which, with reasonable assurance, the true valua of
the parameter is located. The fact that all of the intervals of uncertainty axhibit considerable
overlap shows that the data are eonsistent with the supposition that all three companies have
a common valua of p for deepgroove hearings. The fact thet all the intervels include 3
indicates that all the sstimates of # are consistent with the practice of taking p=3. More-
over, the value of p for £, was not significantly different from that for L.

TaAwLE 2. Funal orerwll meluer of §p for decp-groots

begrorgs
————— |_ —_— 1
1 2 AT+0 35 ‘ B804 0 3L

TanLE 3. [Frdiriduel ealimefes of p for deepgroowe begrengy by company

‘ Murmnker !
Company of test Lan : Ly
J LTS
A .. |' 50 3. 0040, 64 3. 05+0 64
B 143 275+ 48 a2 an
. | 12 3 124+ _ 88 2 88+1 02
! —_——

The values given for » are based on analyzes of all deep-groove ball-bearing data, irrespec-
tive of bearing lype. Henee, the parameter cstimates represent “omnibue" values, In order
to investigate the dependence of the exponent p on beannyg Lype, the data from company B,
which was mado up of Lhree bearing types, were analyvzed separately. The results for the
exponent p are shown in table 4. These results are all compatible with the value p=3.

Tarre 4, Value of p by bearing fype for company B

| MNumber Vulua of p
Typo of teet | ]
LToups
fon ! Lu

I - 37 3 36=0 48 | 82340 47

B3 __ DTl 04 2 6534, 01 2. 130 79

B30Tl 17 Lewxies | 2821110
Toatal o __ . __ 48 | ... -

+T'he date Turmidiod by comipny IF were b fiew e De I lwdesd In dhe wmadysls.
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3.2, Evaluation of Parameters £, a., and a:

The computations that give estimates for the rxponent p also vicld estimates for the quan-
tities In £, 4, and a,. From the rclationz (6} it is clear that the valees for these parameters
depend on the value for p. Thus, associnted with every value of g will be corresponding
vilues for In f,, @, and @, Table 5 summarizes these parsmeter estimates associated with
the final values of p. The estimates for gn=In f,, rather than 7, are given here, hecause thisis
the perameter that sriees naturally in the life formula {ef. eq 4).

The wnelyscs conducted =eparately for each company resulted in other values than those
in the previgus paragraph far aq, 4, g2,  Thesc results are summarized in table 6. They show
excellent agreement with the resylts in teble &, cven though the values for p are somewhat
different.

TABLE 5. Final vodies of oo, 1), 2 for Lot Lo

Company | 7 & Interval of th Interval of &2 Interval of
| wncertainty uncertainty i uncertainky
1

Lon
Ao _.__ | 28F 002 (781, 10.79) (D380 | {—0 4B4, 1.201) | LV2| (L AL 1. 02)
Bo o | AT AR (TME, W4y | L6700 | { O 418, 0.u820) | LALL (LT, L4
co o0 ZE7| A5G| 685 1242 [— 174 | (=L 760, 1 a5%) | L 37| (000, 2 67)

.Lm
Ao _____. B0 ULEG | (ARSI 1198 (OUOIE| (—O07dl, TSI | LGB | (1 50, L 82
B ... 2E0| 9O0h | (8584 WD) | 085 { .40, 630 | LoL | ()&, 201)
Co T |zen| oos|ceel 1158y 47E | §— 42, 1847 | L Tﬁ|; (0. 60, 283

Tarre & Falues of gy, o, @z for Ly and Ly, beged on indrpendent analyeer for each company

Company b1 | e Interval of | &, Interval of ay Tutersal of
' | | umeertainly uncertaln by uneertainty

LIU

]

Ao .. 3. O BA7T [ ¢7. 18, GGy | 0300 [ {—0 507, 1,249) | LT3 | {1 60 L )
B_o.. - a75! mga|ives way| saeli 3 0028 | L8O | (L67, L92)
F ml W21 | (720, 11 84) [—. 04l [(—1 326 062} | 136 (04D, 230

L
A oev | 305|103 848 12 00} n_mﬂi [—0.768, O 8GE) | L 71| ¢1. 50, L Bl}
B 11l LHE2| Q15 | (A 8], 8 T76) | 600 ( 486, . 922) | L0 | (179 200}
Co TORE | B.DB | (& 5R, 1284 AL | (=—10%5 L& | 13| (068 305}

|

Similarly, the velues for ag, 2;, and @, ansing from separate analyses made on the three
types of bearings from company B, resulted in ztill other estimates for these parameters, Table
7 summaérizes these estimates. These estimates arc less precize than the correspending omnibus
values given for company B in table 6. Thiz is & consequence of the fact that within & bearing
type, the quantities Z and I, hardly vary at all. This condition makes the data unauitable
for estimating the asscciated unknown parameters, a, a,, and .
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TasLE 7.  Vodues of dg, gy, @2 for Len dtd Ly by bearthg iype (combohy B

Type % Interval of m Interval of a Interval of
unéarbainty uncertainty uneertainty

L

Bl . T26 | ([ B3, 03 | LAT ¢ O35 1.76) | 166 (1. 27, 2 08}

P . T3 5%, 9330|121 )¢ L 43, 2,00} | L 69 (1. 38 1,03}

B-g.._...._. cee - | 2B | Ce-To0G 16 - [ BT (=2 25 904} [ 1 27 i, 80, L 85}
L

Bt 789 (¢ 592 892 )123| {078 LT3 |178| {150, 2 08)

B2 . 9 [ { 710 1L ET% Q. 87 [—. 05, 1.068) [ L 77 [1 46, 203}

B o __.. o103 | {—4 3, 8453 4, B { 1,867, 7.14) | L 43 (121, 1 70}

3.3, Redetermincation of the Estimates for f.

The uncertainty intervals associated with estimates for the parameter ao=In f, Bre quite
large. This is primarily becsuse the uncertainty associated with the estimate of oo also de-
pends on how well the other parameters, 4;, 25, and p, are estimated. Another way to evaluate
s, which may result in smaller intervals of uncertainty, 13 to assume s priori values for &, a,,
and p, snd then determine the estimate for . This procedure was followed by using the
widely gccepted walues for the parameters given in [15], namely, 5,=2/3, %.= 1.8, p=3.

However, if on such & celculation the values pssumed for the parameters g, 6, and p are
not compatible with the given data, then values of a4 {or 1.} so caleulated wall not be correct
determinations for these deta.  Accordingly, an anelvsia was maede to determine whether the
parameter values in [15] were compatible with the given dats.

Thi= analysis showed that these parameter values are compatible will the data, with re-
tpect to all individusl companiez for rating life Ly, but not for mediao life Ly, {Company
A wna the only company for which the parameter values are suitable for median fife.] A fuor-
ther analyeis, by bearing tvpe for company B, showed that the above parameter velues are
not suitable for the vating life Ly with respect to B-3-type bearings.

In the light of this last analvsis, redetermined values of ny, taking a,=2/3, 2:=1.8, and
p=3, are only strictly valid with respect to company A, company B {B-1, B-2), and company
C for rating life L,,.. These values are summarized in table 8. For conveniance, these new
-estimates are given for f.=In"'si=exp .

TawLE 8 Volues for ; casuming qp=%/3, ;x=1 .8, p=8.0 for Lx

Company Nutnber of Fe Interval of uncer-
teat groupa fainty
Ao e 7 1] 4 533 | (4,273 4 317}
B fover-all value) . 148 4,025 | (4, Ta0, 5 105}
1 el &7 4, 700 | (4, 403, & 034)
B el b 5,033 | (4, 885, 5 18T}
B3% e L
A e e e 12 3,204 | (3,020, I 533)
1 3 4, 830 | (& 478, 6, 18T}

*Apanmed values of parameters 4, oz, und § not compatible with test reaylts for bearingn of this rerien,
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4. Appendizx A. Summary of Original Data

This appendix sommarizes in tabular form the worksheets submitted by the American
Standards Aesociation Subcommittes to the National Bureau of Standards for statistical
analysis. Separatc tebles are presented for deep-groove date from companies A, B, C, and D.
These four tables (A—1 to0 A4} are followed by table A-5, which gives o aynopsia of the numbey
of test groups and the number of bearings for each company.

Tablea A-1 to A—4 pive the zizge of test group, the values for quantities I*, £, I}, und the
eetitnates ? for Ly, L, aod the “Welbull slope™ e, Al of these variables are directly ohzerved
or sperified quantities except for the estimates Ly, Ly, and ¢, Theae last thres quantities are
based on siatiztieal caleuletions thal made use of the resulle of individual endurance tosts.
Theze caleulations are explained in appendix B.

The original data, as submitted, contained a few cases where companies tested hearings
manufactorad by other compenies. Such test groups are not included in the summary tables,
ag thesa results confound differences in testing with differences in manufacturing. Therefore
these test results were not used in any of the analyscs. Thus, table 4-3, for company C,
omits 4 tests performed on other manufacturers’ bearings; table A, for company D, omiis 3
tests.

The five tobles deseribed abwove are followed by a specimen worksheet 7 with identifying
information removed. A sample of Weibuoll-lunetion voordingte paper is also included. This
eoordinate paper had been used for graphing the resolts of all the individual endurance tesis
and these graphs had accompanied the worksheats submitted to the Statistical Engineering
Laboralory.

+ Thy extlmutes for Lgand Dwabe giveo o mkilloos of fewendd Eors foc ol sompanke exeept casopany . The i estimabes f I are shown o
Hianes, U sxims unbtz In which the oripod! endarsns: dat woee g1ven.

T Bearings marked “Omltted” wese completely cllminuted from eonsidereilon, py compaoy cepesentatizes erplolmed thatb thess wora nou-
Tatlpa Todbares aod whowbd ol Be vegarded s part of Lhe test grvap. A9 3 wealt, the i st @rop it e e of e speeltuen sheet sbowmowas falken
to a0kt of 23 bearings radbir tham Lhe orlgins] number of 25, Thie by pe of sitasdlon apCooned rather infraqwently, howaver,
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Tanl® A—1. Summary balf-fetring dole for company A, with compauted selier for Lw, D, and Wethull sfope &
Record | Year | Mumber z 0, @
Yo, of | ln tast| Load | Humber |Ball ddam.]] I L N Weiball
toat group of bellp L 10 xlora
b 1n. I
1- 1 | 1936 2 helo 8 11716 19.2 a5 1.2
l- 2 | 1937 20 hal 8 1116 26,2 Tl 1,01
i- 3 1537 1 haho al 11716 n,l H8aL 1.0h
1. L | 1937 1% h2lo 8 11416 11,8 £6.8 1,08
1= & 1337 13 balo B 1146 13.5 TSt 106
1- & 1038 A 2530 9 1/2 S.80 5.7 1.27
1- 7 | 1338 28 haha 8 11714 18,3 L7 % 1)
1- 8 1538 27 L2ho B 116 Ea52 T3.2 v13
1- % | 15ho 20 heho 8 chifa ¥4 15.8 BZeT? 1.1
1-1¢ | lsho oo liahe ] 11/16 BaT0 il 1.20
1-11 | 18Lo 19 Liehs g 1/14 1.6 150 T2
1-17 | 1sho 15 15ho 9 T/L6 0.5 Tlek 1.52
1.13 1 1%ho b 14 1844 ] 716 U5 88,2 1,0,
1.1, | 1840 15 2536 g 1/2 12,1 3341 1,087
1-15 | 1940 1, 2536 g 1/z 15,1 . 1.47
114 | 180 15 2536 9 1/z 1L.0 Uk 1,88
1-17 | 1o 1, 2536 g 172 12,3 Bl.B 1.9
1-18 | 1540 26 hahi ) 11416 L2 kT3] 2,17
1.19 1940 1 b2l B 1716 300 B8 1.7k
120 | 1942 Pat! hako B 11/15 2.1 57l 1.89
1=21 | 15u2 20 h2ho ] 16 17.3 LE.7 1.54
1-22 1,2 Ex; h2lo 8 /s 3T.5 13 1.8
la23 | 19h2 36 ko 8 a6 B0.3 771 1.
-2 | 1shz 32 h2lo i 1146 4.03 L2, 80
la23 | 121 28 2ohk ) 17782 Ba38 8.7 i N
1-26 1943 23 Iy 8 19432 1.7% 13,5 +53
127 | 19,2 30 [AN: 10 ;! 1.7 45,1 1.3%
1-28 | 192 s 8520 B 7 4,18 15,6 1.1
1.2 | 1943 30 Y00 5 L6 Ta23 n.o 1.06
1-3¢ | 1543 30 10w T T/LE 22,9 o 1,20
1=31 | 1%h3 30 3z 7 /3 .5l .5 1.57
1=32 | 1sph 25 JLEG 8 ig/3 G20 23.0 1.
1-33 | 1shk 29 390 B 15432 h.21 a,2 1,27
1-3L | 15hh4 X Bl 10 T/8 L 12.8 1.48
1-35 | ashh 26 | 1hoBo : 130 BLh2 .6 1,07
1-36 | 195 28 19ho g 16 Tul7 42,5 100
1-37 1551, 3h 2330 pl 7/16 | .3 1,26
1-38 | 195L 27 1550 g TA16 1,8 y: 1,13
139 | 1551 29 1165 o /L6 8.9 L&0 111
140 | 1551 27 2910 g TALE 3.0 15.5 1,19
141 | 1351 27 35680 9 7/16 1.24 3.23 | 1.97
142 | 1961 25 76 g Ths |12 €1 137
13 131 IO | 1§70 B 1.3 3.0 12,5 1,1
Ll 30 Al2 B 128 B2.1 hes 111
1-45 a 30 | ke 8 11/16 | 15,2 1ok .58
1.6 ‘E; ao Buha a 11156 2.0 10,2 1,17
14,7 30 A12 B 5/5 £L,.0 36 » 2l
148 | B 30 | ke | 8 /8 5426 58,8 .78
1.4 30 a8 B ) «B53 L5 109
150 | 19, 30§ L2y 8 11716 | 1h.8 ETel 1.39

—




TasLE A-2. Sumwmarp ball-begring dala for compony B, with computed volues for L, Le, ond Weibull slope &

Rescrd | Tear Murdbaz z I, e
Ko. of in test | Load | Humber |Ball dlam.f Ly, Leq Watbull
tent e of balla alops
1 in.
2-1 | 1540 19 570 10 3/16 &,68 13.4 2.72
2 14 20 570 9 18 20,8 0.0 2,28
Pu 3 1546 23 580 ? 1/ 1,1 ShaL 155
-4 1346 23 LA0 g 1 28K &5.2 2,13
2= 5 19,7 23 580 9 1/ 16,4 g3 1.71
= & 1343 10 &5 i) 1/h 10.3 Wil 1.50
= T s =TI 10 G658 5 15 Ny howly 310
2= O 19,2 15 5Bo 10 174 F5E 3.6 1.32
=9 1als 3 &20 10 1% 17.% £2,1 1.51
2-1q 1947 p L 620 1o 1/ 19,9 1,2 1.8
Z=11 12,7 k1l &20 10 1/h 12,% £o.L 1.39
712 151 19 (] 1o 1 19,3 o2 2oL
813 190 17 T20 10 1/L 1,1 3.3 2.5l
15ké 60 260 1n 2/32 15.7 ha.g 1,85
Palf 1ok7 K B0 1 0/32 11,2 B2 1,54
2elé 1950 he &0 1 £S5 [k, bo9 2,85
2=l 19kg &0 S0 n £/16 216 o9 1.58
2oLl 1943 20 900 11 s,as 5.6 200 1,42
2-19 15hé &7 1220 11 5/.!.6 12,0 2,2 1,50
220 19k7 k1 1220 11 /16 8,53 v 1,11
2-21 13ho 20 1370 pie} 5/16 BT 18,% 1.85
a—za 1550 &0 138 11 5 12,5 1.53
a-23 1950 &0 2213 11 514 2,32 2,08 1.
2.3l Llah2 20 120 1z 5/L8 36,7 pinil 1.lo
2-25 1ohk 55 1300 1z BA6 19,0 57a2 L7l
2udh 1oy L 1300 1z 5416 12.5 60,6 147
227 | 1oL 20 1550 Y 32 17,0 hak 1.37
2-28 156 55 1760 1l 11/32 20,9 53,7 2,00
223 1y i 1760 1 32 2,58 ko,7 1.50
2=30 19ho 20 2010 13 13/32 5.49 33.3 1.06
2=l 1940 g 2010 13 iafaz 1.3% iyt =5l
2.32 Lobh 1y alfiy 13 13/32 Tl 82,7 .1
2-33 k-lix} b} 2630 15 13432 519 o2 i)
2uil ok 12 5900 1 19/32 6,38 17.5 1,86
236 1ah7 20 foro 1 23/32 2.4 3.8 i.4
2=37 13k 1z Bovs 1, 23/ BeTH 36, 1.12
2wl 1538 10 cas 9 «H0 .27 184 2.75
2-19 1500 23 TR0 B g/ 18,2 £h.5 1.
E=-ho 130 2k 120 8 w3z 22,8 B2 207
2-la Loho 25 720 A 2/3p 2.9¢ 5.6 1,38
2-h2 | 13ho 2 720 f 9/32 9,07 29,k 1.
2h3 | 1940 25 720 B 9/32 Tull | 28,5 1,36
2-1 1gho 25 T20 B i3 12,5 260 2.51
-5 st 25 T20 B g/32 18,8 hi.7 1.96
2-hé 11 23 720 B 5/32 a,5 Ei.2 2.08
2ali? 1947 3 Bt il 5 1T B%.0 1.52
2-h igLa B B6O a [T 15.2 87,6 106
abhg 193 20 00 2 571G 30,1 5743 1,68
=50 19lh 18 500 9 (¥ At 15.0 k7.6 1,63

B



file:///A0OWOrl

TanLe A-2, Summary ball-bearing dole for compony 5B, with compauted valves for L, Do, and W eibulf tlope e—Continued

2
Fumbar
of talls
251 | sk 27 =) % 5/16 17.5 52,8 .71
252 | 19kt k) o0 9 5/ i 65:6 1.24
2-53 | 1938 10 1180 ¢ [¥al B.7é 2 § 2,04
255 | 1shs 30 15B0 9 3/8 12,1 13,3 14T
2.5 | 1947 33 1580 9 3/8 17.2 By, 1.k
2565 | 194A B 1580 9 3 0.7 Shed 1.6L
227 |19 | = 260 2 s | 1oes 3706 | Lase
15,7 0 el 'y ] 78 8.7 S5 1,30
250 | 1938 4 2200 ) 7/16 3.73 v 7
Pl 1sh7 30 2Ba 9 yFal. 15.4 T8a3 1.21
2l 1550 L 130 9 15/32 180 275 badily
2-62 1937 1% 1440 1o 715 BE,2 23k 1.85
253 1% 19 1700 9 15/52 £7.1 230 1,35
g=dly. | 1337 2 9 156,/52 o7 55,8 1,48
Z=£5 | 1939 25 2hB0 9 16/32 7.1 87.8 L.L7
2a54 | 13 23 2LB0 9 15/32 I 2.7 122 1.09
257 | 1939 28 2hAc 9 15/ 11,2 Uie3 Laf2
268 | 1938 28 2L80 9 15 /32 36.8 1,35
2-52 | 193 20 2hBo 9 15/32 12.7 T 1.57
2-Ta | 19hh 20 24B0 g 15432 10,1 278 1.87
]

271 | 195 20 2B g 15732 B.03 3ha3 1,38

272 | 1538 10 L0 g 15/32 1645 80,3 1.
=73 | 1842 n zLA0 ¢ /32 17.7 £5.8 1.h5
=1 | 15ha 10 2L Bo g 155/32 o7 &3.1 1.1
2a75 | 19h3 20 ghao 9 /32 0.8 h2a 1.8
276 | 1944 18 alido g 15732 [ bz 35,5 1.3
2227 1 190k 18 2,80 g ’./‘32 19,0 678 148
2-78 | 13hh 18 B0 g 1738 16,3 577 1.hy
275 | 19hk 20 2L 80 g 15/32 2.93 18.0 L.k
2.50 | 1otk 20 Zhfo b 15/32 +69 254l 1.26
2-61 1 2d 2LB0 2 15/32 .54 329 1,32
2-82 :I;ﬂ 22 2480 9 1L /3p 12.6 EoaT 1.27

2-83 | 154k 23 2hfo 3 15/32 Sell 3.5 .
2-84 | 194k 15 80 9 32 18,0 53.7 1,56
2-85 154 20 2LBo g 15752 1,98 22,1 7
284 19lE 20 zhEo 9 15/32 5,45 . 28.8 1,16
Za87 155 20 2L, 80 9 1%32 12,8 W36 1.58
2af8 | 195 20 2LED b4 1 5/31?: o8 123 1,59

2.90 | loks 20 2hao ] 15/32 LML N ] -
20 2han g 15/32 6.6k 2543 L.
ig gﬁ 32 2hao 9 £32 137 i1,5 1.70
2.93 | 1946 35 2180 9 15/32 .02 LE.L 1,17

o.ply | 19b& 34 preililn 9 15/32 11,9 L5,z 1,
2-95 15kt N 2h 80 9 15,32 1,5 T35 1,16
154k £ 2hfo g 15/32 5.5 .2 1.02
g:;? 13!;1; 10 ah 8o g 15/32 18,1 o5 .33

298 | 1545 10 2180 5 15/32 17.1 £33 1.
2-99 1945 19 2hio g 15/37 1zt Bl.B 2455
2u100 ¢ 18hs 10 Zhdo ] 15iaz 2l £5.2 1.67
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TaBLE A-2, Summgry ball-bepring data for company 82, with compuled selice for Ly Ly and Weilbull alape e—Contioud

= = = -
Wsoard | Tear | Humbar Z D a
Ko, of |in test | Losd | Mamber [, o L, L dodbull
tast | group of balls 501 ope
1b in,
2-1t | 29k5 20 2480 9 15/32 3641 Tl 2.75
2102 | 1946 20 2480 o 32 £1.3 3,82
2=103 1506 12 2i80 @ /e wl E3.0 1,33
.10l 1she pil 2k 8o o 15430 15,1 2.7 1.04
2-105 | 1845 10 2480 3 /32 18.8 b 2.55
2-10& 1550 12 2hda b ?32 fefHd T 1.04
2-107 1550 2 i) 2 JBZ Ta23 k.5 1.2
22108 1 2h R0 g 16/32 146.7 .8 1.29
2-100 | 1AL &3 2480 o 16732 25,5 $043 2.5k
2.110 | 1950 23 280 e ic/32 B35 bel 1.06
2121 | 19k 13 3250 4 15/32 3.79 .30 2,10
Zull? 1837 10 3470 1o T/16 95 N 1.9
2113 3 &0 Lo ¢ /30 2.98 T35 2
g-11y | 1343 17 2300 10 15/32 22,5 7.4 159
2.115 | 1938 10 2730 10 15752 3.02 oLy -
116 | 15hé o2 2660 10 17732 - a0,8 1.5
2=117 1zLh 20 2250 11 %32 17.5 a3 1,
2118 | 1943 16 2300 1 32 &a.,7 152 2.0
2119 1545 W z8ho 1 15/32 18.6 bz, 2,27
220 | 24T 2B 280 b1 15732 2lab 553 1,58
2-121 | 1sh7 8 2BLO 1 15732 11.% anl Le5g
2122 | 1948 8 2840 11 ﬂﬂ 13.9 50,4 14L&
Fal23 1543 17 3200 11 32 T B0t 13a 1.30
2a2h | 19k 28 W00 u 15/32 355 13.9 1.38
2=125 | 1943 19 hooo un f3z #.ho 234 2,06
2-126 | 1947 23 B350 n 1146 L.76 857 171
2-127 19k 20 12000 n 1124 3422 9y .58
2-128 | 19lk 20 | 12000 px} 1144 2,62 8.52 1.6
2al 2 19U @ 12700 8 1-1 T.89 iz 1,17
2-130 19h5 13 1ES00 pi] 1-1/15 L.93 20u0y 1.33
213 1550 20 1£500 ph s 1-115 6,28 15,2 1.98
2-132 | 1938 g 585 7 /16 3T.3 10 1,85
2133 ishl 20 500 T 58/16 Lh.0 38.6 1.88
213l 1938 20 1450 a 13/3z2 0.3 B7.6 177
2-135 | 1ouh 20 2250 a 15/32 25.7 Tl.2 1,85
2-136 | 19l3 20 2300 B 15/37 103 S0ralt 1,07
2=137 19l 1g 3200 B 15/32 10.3 2h.1 b |
2-130 190k, 1y b 8 15732 b8 12,9 1.4
2-132 | 1937 10 1710 A 17 /32 26,1 27 «T19
2milit 1938 2 2360 g 17/32 ha. 5 1.1%
2=li1 1237 10 2650 § 11/32 7453 60,7 »50
2.2 177 11 3050 8 17/32 - 2.5 1,32
2=153 1547 pas T80 ] 29/38 h.5? 43 .
2.1 183 1z oGt 8 1114 31.90 ho.7? -
2alhs 1ghy il Neo ) Ll/16 15,5 194 1.1é
2ullis 1948 15 o0 8 1a3/16 10,2 U3+¥ .29
2-1h7 1sh8 20 100 8 1=3/14 h.TL p T 1.8
P=1LH 1847 18 11420 ) 1326 10,1 A2 1,55
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Tarre A-3. Seummary ball-bearing dats for compeny 0, wilh compuled wedueq for Ly, Doy, ontd Weibnll dope o

———————— — =1
Resord Teer Humbar z by '
No, of |1in test | Load | Nusber | Pall dimm Lig Ly, Weibmll
tout group ef balls slope
1h in,
=1 15h2 ol 1580 7 Ral 15.% 848 1.Lo
3= 2 19w g TH 7 gf16 711 1,52
3 1945 35 1185 T 3/16 Thaly §§$ l-fm
E 1540 23 1400 b4 1/2 7,62 ko1 2.32
3-5 | 1gh5 10 1500 8 15/32 1,9 o643 1,10
26 1543 g 2278 7 17/32 13.8 58.0 1,3
3= 7 1oha 13 2540 & 15/32 2,38 11,3 1.1
3= 8 1248 1z 2540 ] 15/32 2,38 11,5 1,19
3 1949 12 1580 7 5715 .75 £2,2 0,96
3-lo 1ok 12 1580 T 5/15 25,7 113 1.27
3-1 1547 2 LEOG g 1/2 uIT ik 0,92
3-12 1348 1z £10 g 5/{6 26,8 EE et 210

Takte A4, Semmary boll-beering dale for compaay D, with computed raluee for Ly, Ly, ond Weibull slope &

| = e ——— e —— e —— | it —— 15— wre——
Raqord Toar Hunher & b, °
Yo, af in test | Load ¥umber | Ball diam, l’?ﬂ L; Welbull
taat Froup of bells slopa
1b in,
L1 15ka 19 1750 g 774 || 1sw 253 1.05
a2 1951 ik 1750 9 TAs 1.7 526 0,%h
k-3 1551 né 1750 g T8 113 1% 1.5
I“I.‘.I.i‘ln estimates are in hours.

TAbLE A-5, Summary of ol grouwps of ball Bearing dala

Number of teat | Total number of
Company graups berrings in teat

grouy

50 1, 25%

148 3, 230

3T | e

o4 —aaan

|

12 291

3 T

215 4, B48

*These data were not uded in the main Anslyses
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SERCTMER WORKSTERT

Befaranaos Ho. Table Crdersd Accopding te
Bearing Mf{g. by Fid & .

Bagring Teated by
Data of Tmet 2-25-hb

Bearing Ha, Brg, Enxdurance Type of
Load, 5TC B.L. Bo, Will.Revs Failurs  Retwris
Spaml _ 200 Fapf.
Lubrication: Type__ Jet Uil ig 3;;?3 E:]li
Frequency 5 3300 Lel}
Ball Me. avd Dik. % - L7L" 19 11,42 IL.E
Contact Angle o _ 4 i 211
Groove Radius: Inmer Ai 1.4
11 45 Eall
Cuter Hi - 15 LB LR Bell
Himber of Rows 1 13 21 8L Fakt
Bore 20 pm. . an 1,96 Erll
o.Ir, 49 mm. 15 I.R.
Lot 3ize 25 Taken on 23 13 jﬁ?‘éﬁ' I.R.
1 E7 .20 Bell
ity P e R e Wi
Bsaring temperature medsursd on cuter — e ere— A ——— il
ring at point of maxiom Llosd L &, A, 8211
Nuterigl: E‘I?pa A AE, B, L.Bora
curca 2
Rockwell Hardnesa of: gg Bl .10 = g;lc
Inomr Ring 3.9 17 93.12 Ball
Duter Ring EL, 7 o8 by I.R.
Bulla 21 105,12 I.E.
IR 105,08 = Dze.
4 § 12752 Ball
Dall Failure 14 E2% ] L8 00 0, R.
Inner Hing Fallure 3 14 17940 —» Dise,
futer Fing Fellure__ I
Test 1ifa in 10° revolutions:
Kudian A,
Kwan 71,
B-1C 24,
Elope af Curve 3, 2%
Test Ho, 5143
Lot Ti
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SAMPLE OF WEIBULL FUNOTION COORDINATE PAPER
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5. Appendix B. Ewvaluation of L, Lw, and Weibull Slope e, by Using Order
Statistics for Censored Data

This 18 » technicel appendix that gives the mathematical bazis for estimating, for zach
test proup, the velues of Ly and Ly, for use in the regression snalysts discessed in appendix C,
and alzo the Weiboll slope e.

B.1l. Weikull Dietribution
a, Characterlstios

As noted in the text, the basic assumption for estimating Lu, Ly, and e for each test group
was that the probability distribution of fatigue lives of individual benrings could be reprezented
by 8 “Weibull distribution.” * This means that the obscrved fatigue lives (number of revoln-
tiona) of all the bearings in & test group of, any, # Loarings conatitute a random semple of »
independent observations {from a distribution whose cumulative (from above) distribution
function (heresfter dennted by odf) i ®

S{L)=Prob{life>> L}
=exp [—(L{a)], 0O=le, ({B1)

where ¢ and e are the two parameters to be fitted.  They are related to Ly and Ly by eq (B2a)
helow. The fonetion S(L) is elen iermed the “survivorship” funection. This distribution ia
one of threa limiting types to which the distribution of the smalleat member of 8 sample, under
general conditions, tends as the sample gize is increased indefinitely. ({Another type 18 dia-
cussed in the following saction.) This matier was first studied chiefly by Figher and Tippett
[5], and for this renson the type (B1) is sometimes referred to as Fisher-Tippett type IIT for
smalleat valucs,

There are both theoreticel and practicsl reaspns for choozing the Weibull distribution
{B1) as the underlying probebility distribation {or {atigue Jife.

Theoretivel. Here it is assumed that fatigoe is an fexireme-value” phenomenon, related
in eome manner to the strength atb the wenkest point in the material under stress.  The theo-
retical reasoning that proceeds from this assumption ie mentioned by a numher of anthors,
and is given axplicitly, for example, by Freudenthal snd Gumbel in [6, p. 318 to 318]. Is
leads precigely to the form {B1) (see eq (2.9) in [6]}. It is recognized that this statistical
asmumption has not received universal ascceptance. This paper is, howover, not concarned
with the relative merits of various statistical theories of fatigue, but merely with consequences
of a reasonable choice from among them,

Practical, Application of the Weibnll distribytion reeeived extensive attention hy W.
Weibull in [19], where he showed that a distribution of the general type (B1) represented certain
fatigue-life data quite satisfactorily. In addition, inspection of the special *“Weibull" plots
accompanying the worksheets suppests that many can be fitted satisfactorily by a straight
lina representing & Weibull distribution, as explained below.

The manner in which thege grephs are constructed is described by Weibull in [13]. A
gample of Weaibull-function coordinate paper used for this purpose is included in appendix A.
The essence of tha mathod ia that eq (B1) may be converted, by taking logarithms twice, mto

eln L)—(e In a) =In[ln(L/S4], (B2}

where “In™ denotes the natural logarithm {base denoted by ¢ and S=8{L}. From eq (Bl)
and the definitions of Ly, and Ly, when L=1F, S(L)=00; and when L=Lg, S{L)=.50.
Thess values subatituted in eq {B2} give

¥ 20 named e W, Waibal] {df. [18], p- 18 &3, Who b eapoilered be beone of e Ovst to aludy I erlansiveky.
* The w= o 3 eontnoous instead of discrete probeblity distelbution will Infroduce e apprecdabls eoror.




efln L) —e(ln @) =In[ln(1/ #0][= — 225037
(B2a)

efln Lgp)—eln a}=In[ln{1/.50)]=—0.56651,

the welnes on the right-hand side being abteined from {17, table 2). These are the relation-
ghipz between the parametors o, ¢, L, ond L. The right-hand nymerical valoes will later
be denoted by ¥, ¥, respeetively,  Equation (B2} may be written

exr—a' =1y,

whers

a=In L, a'=eMn a, y=Iofln{1/5]. (B3}

The variables x, ¥ correspond to the two acales shown on the Weibull-function coordinate paper
mm appendix A. The variable z, with unrestricted valuas, corresponds to the horizontal scela
“Bearing life," having o logarithmic scala. The variable ¥ is represcnted through the per-
centege surviving, &, or rather through the {voriical) scale for “benrings tested—percent™ =
pereent failed "=1—8=P, which can vary only betveen O and 1, Thiz scale also hes non-
uniform graduntions, given by the iterated logarithm in {B3).

The Weibull distribution is thus secn to be equivalent to 4 streight-line relationship, witls
"Weibull slope’ &, between the logarithm of fatigue life and an associated quantity ¥ depend-
ing only en its reletive rank when the fabigee lives ave greanged in sscending order. ‘Thus,
goodness of fit of the strafpht line (B3) is equivalent io goodness of fit of 2 Weibull distribu-
tion to the fatigue lives L of an individual test group. In fact, one common method of sta-
tigtical analysis of fatizeelifs data {Freudenthel and Gumbel [6]) depends upon the use of
the classical mathod of least squares for fitting this straight line, Thiz method is, however,
subjact to coriain limitations deseribed belowr. Instead, an altornative method, presented in
the following sections, is prefarred that fita the distribution of =In L directly by use of order
atatistics,

b, Licitations of Fittlay by Lecet Squares

In the classical method of least squares for ftting the straight-line relationship (B3) to
8 test proup of ball-hearing data, pairs of values {2, ¥, i=1, . . ., %, ara requircd. The
valees of x=In L nre obtained from the given data. However, the variable ¥, measured
through the percentage failing, P=1—8, pressnta difficulties. The problem of how to plot
P is known as the preblem of “plotting position.”

It seoma clear that the valves, P, of the plotted variable, F, mmst spmehow be related to
the rank order of the bearings as they fail. A natural choice is the percentage failing: P={f/n,
whore 1 is the ronk order of failure in o test group of n. This is not advisable for reasons dis-
cuzsed gh length by Gumbel in [9, p. 14], where he advocates the plotting pesition #f{r=+1)."
Other workers tale different positions, and the question of plotting position must be regarded
ae still unsettled.

A second difficulty with the nse of lenst squares 1= that as usually used it frils to take
adequate accpunt of the number of items remaining intact {(‘runouts™) in the incompletad
tests. Ad & final point, it i= to be noted thet the supressive plotted points ara not independent,
a3 they represent the observed lives in inereasing order. A correct use af lenst squares pro-
cedures would have to take inio aceount all the intersorrelations, which 1= not done in the
ususl application of the “method of least squares.” The method of order statistics described
in saction 3 has the advantags of aveiding the ahove limitations of the least squares method.

J——

It Tha Byiobel F pd wed bor shoubd ot be confnsed with the S grenbol for bad el 1n thie Whe foonls. 1o BOY eTent, [he Ieanmg
wiil b clear from clee context.
il Thia phting poskion »8a 3is0 wead by Welball 1m [15] (ef, eq 72 snd the vorticsd acade in Agares 3 and 4 Qeeydo).
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5.2. The Extreme Yalue Distribution
a. Helofion o Welbull Distributon

The preceding section indicates thot logarithims of lives, rather thao lives themaelves, are
the natural units in which to carry out the analy=is. This ides has also been adopted by those
who do not use the Weibull distribution, either because they are unaware of ils exisience or
because they do not feel it fits their data.

If the Weibull distribution is sdopted for fatigne life, L, then the varigte, z=In L, has
the nonnormal cumulstive distribution funetion '

G{(z)=TProh | In (life) >z } = Prob{life > &}
=8t —exp(—a e =exp[— et RN, — e za o,

Thiz may be written

Gir)= &) =nxp(— e, {B5)
where
y=(—u}fd, =—opm, (B6}
and
w=Ilna, B=1l/e {87

are the two parameterz. The distribution, $(y), considered 2= 8 distribution of the “reduced
variable,” ¥, hes standurdized paratneters u={}, =1, and is called the “reduced distribution.”

The form (B5) ia another of the three asymptotic distributions of extreme values, some-
times designated as Fisher-Tippett type I for smallest values. This distribution has heen
studied extensively, chisfly by E. J. Gumbel {e. g., [7, 5, 8]). In this paper, the term Yextreme-
valua distribution” will ba given to the distribution of emallest values (unless atherwrise apaci-
fiod}, although this name is frequently given to the largest-values case,

From the above discussion, it is apparent that methods pertinent to the type I extreme-
value distribution (B5} are appropriate. For this purpose thore is available 4 mathematieal
approach recently developed by one of the anthors of this report, and deseribed in detail in [13),

b. Choracteristics

A description of the extreme-valus distribution (B5), togethar aith an interpretation of its
paramaters in terms of lifa estimates {or rather their logarithms), is sesantial to an understand-
iog of the application of the method of order atatistica in this paper. It will be seen that the
problem of eatimating life is equivalent to that of estimating the parsmeters u and 2.

The parameters of the extreme-valua distribution (BS) are depicted in figure 1 {page 291},
The guantity = is the position of the mode ar highest point of the (frequency) distribution.
The quantity 2 i= a scale parameter, anslogous to tha standard deviation, r, in the case of the
normal distribution. In fact, § is /8/x {nboul %) times the standard deviabion of the extreme-
value distribution.

Although the two parameters, &, 8, completely specify the distribution, it is very useful
to introduee related guantities of the form :

t=u-+tfy, {B8)

which are lincar combinations of parameters # and g and may thus also be regarded az param-
eters when known values are later assigned to . Introduetion of £ makea it possible to esti-
mate u and g simultancously. Thus if ¢ can be obtained as a5y with v and & known and ¥
arbitrary, then the values ==aq, f=% can ha read off at onecs.

The parameter § has another highly important meaning. In figure 1 the area F under the
distribution to the right of the ordinate creeted at { represents the probability that a value

* Cf. Franderthel and Gumded [o], eq 2.8, 2.0, (28, (290,
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te=u+ By

yF=—lnl'-lnF}

DENSITY FUNCTION, g(x) = G'(x)

}\“m- — L.250%7

Fgo=Inlgo=u+8Y ag

Ir‘sn = = 0, 2G5S

Flavke 1,

x=InL

Gangral form of evivemeraluz digtribution (for amallagt rolves] showing reloalionship of
poramelers b, 2n=1I1 L1y, and xp=I% Ly, fo » and 8.

31




larger than ¢ will oecur. Thus £ i9 & function of  and may be written &, as shown; it 33 desip-
natad the “upper 100F-percentage point’ of the distribution, For czample, if F= .50, then
=i, represemts a value of z=In L, which will be oxecedod by 20 percent of the population.
This iz associated with vating life L, {hfe exceeded by 90 porcent of bearmngs) by the relation

tw=rp=In Ly, (B9)
whera z represents life in loparithmic units. Similarly, Tor medisno life,

fro—=Tw—In Lo, (B10)

Since the £a are regarded as parnmeters of the distribution, ao alao are 2y, and g, and therefore
Lwwond Iy, Thess are not, of course, all independent.

In general, we have the pereentaga point &=, which, expressed in terms of the original param-
atera w and 8, may ba written in the form (B8):

=p=ﬂ- +ﬁyp, {B'Sﬂ:l

where ¢ i & quantity depending only on Lhe probability F, determined as follows. Wa have
fromn (B3a)
e =Ur—u}{8, (B11)

i, &., yp is the value of {r—u)/2 when z takes the value 2, But by definition of the probahility F,
in view of (B5), (B6), and (B11),

F=Prob{z>tr} = Fty) = $lyy) =eap(—7). {B12)

Thus, solving for gy, we obtain
yr=In{—In F). {B13)

This ia the redueed wariable corresponding to the probebility F, and may be obtained by & simple
change in sjgn from table 2 of [17], which tabulates the fonction

—In{—In &},

where &,, o probahility, takes on values from 0 to 1. Thus,

for F—.90, .y,=._2.2503?;} {B14}

for F=_50, yy=—0.36651.

The ahove discussion shows that bath », and 2y (rating and median lives in logarithmie
units) may ba determined once the general pereentage point (B5a) is estimated by giving the
two particular values (B14) to yp.

¢ Conversiem From Largest o Smallest Values

The metheds and numerical results developed in [13] were for problems, such as maximum
gust-loads on airplanes, that required the distribution of lorgest sample values. In order to
adapt this material to the distribution of smaflest valies (B5} required here, the relativnships
of aymmetry involved in the reversal of direstion must he examined with cara. To awaid
confusion, it is necessary to use subscripta L and & to distingoizh between guantities related
to the largest-valua distribution from those related to the smallest-valuea case.  No generalicy
is lost by use of reduced variatea. Thus, in (B5}, 2 will be replaced by the reduced variate
9, and, for simplicity, the symbol @y} will be used inatead of &(y):

Giy)=">2y}=exp{—¢). (B15)
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From this, the (*cumulstive from above™) distribution of smaliest values is
Prob{¥s>y| sOsly) —exp{—¢), —olyw, {B16)

whera ¥y denotes the reduced smallest value. The corresponding distmibution of largesd
volues is (zee Gumbel [2, og (I, . 217

Prob{ ¥yl eH (3} =1=Prob{ ¥ < g} =1=—exp(=—e M) =1=Gs(—y), —wly< =, (BI7)

from {B13).
The corresponding relation for the density functions is obtained by differentiation, with
ge(y} = Galy), and Ay (y) =Hi(y):
Galy¥="he{—1). (B18)

Hence the two diztribytionz are merely mirror images of each other, The moments of the
distributions are related as follows:

s mEaty= | ostuy= |~y Pt My =1 (B19)

Thus, the means differ in sign and the variances are identical:
M= —1=—¥y, {B20)
=Tt ®21)

These values are given, for example, in [9, p. 23, &g (3.27].

Fitally, we need the relastionships batween moments of the order statistica for the two
distributicns. As the emallest-value distribution is & reversal of the largest-value distribuiion,
it is natvral to reverse the arranpement of the order statistics as well. This gives simpler
resultz.  ‘Thus we are interested in the ith order statistic in the series

8 ¢izyiz .. EE L. 2 (B22)

where the parent distribution is that of smeifest valuss, Primes will be used ag u reminder
that the order is descending, not sscending. Thus in tables B—2 and B—3 the abzence of primes
indicetea that the order statistics are in incressing order.

{B22) i3 the nnalogue of the series

Ly mEws ... SRS ... S {B23)

of order statistics for the largesf-valne parent distribution. Whenever a distinction is necea-
sary the eubeeripts & or L will be ueed with the y's.

From (B18} it may seem intuitively (snd may be justified rigoronsly) that the dustribu-
tions and moments of the order statisties follow the same symmetry relationships as the parant
distributions, namely,

Esy"y=(—1"EL (¥}

Esfy:ﬂ;}= Ex{yar}
o5 =dy=ciy)=ol,,

t5, ry =0l W) =0u (Yo, 1) = 0,1,

{B24)

In other words, the even moments remain the same; the odd moments change only in sign,

Tha above development shows that the numerical results for momenis of order etatistics
previcusly obtained in [13] for the largesi-value case can be used here for smallest values
without any substantive change.
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5.3. Methed of Order Stotistics for Ceneored Samples
a. For Small Jamples

Consider an independent random sample of # items from the distribution of smallest
values, of which only the ® smallest velees can be observed. In view of the preceding dis-
cussion, it 1s desirable in the theoretical development to deal with the vrder statiatics in descend-
ing order:

(e .o BT ) BTkl ™ . .. 20, (B25)

whetre the parentheses denole the (n—F) (largest) unobservable valoes, and the remsining &
valuea are known. This arrangement materially simplifies the axposition. Primes will again
he used to denote deacending order to distinguish frem ascending order, which will accur in the

Iater parts of this section.
‘rom the & known values it is desired t0 determine an estimator

T r=wthors Wizt . . . Fwizh, k<a, (B26}
(L. a., the weights )} of the general parameter,
fr=n- ﬁyr; {B27)

of the extreme-value population (B4}, such that T in {B26) is (1) unbiased and (2} of minimem
variance. Mathematically, this means that

E{T" =i, (B28)
where & denotes mathematicsl sxpectation, nnd
Var (T")=a minimum, (B29)
subject to the above condition,
From (B6), .
r=u+ Py, {B20)

where y is the reduced variable and 2 the observed variable. From this the following relations
for the order statiztica 7, and u, are apparent:

¥y=u+8y;, Jj=n—k+1, n—k+2,.. .1, (Ba1
LA ANTS S . (B32)
Ynoitt ZYn-aazZ - - ZYm {B33)
Eyir))—u+8Ea(yy). (B34)

The values E:(1;) may be obtained with the aid of the table in [14]. This tabla gives the
values of E. (y} where the order statistics, ), are in descending order {as indicated by the
prime). The mesns needed in (B34) arve obtasined from (B24) and the evident symmetry
relations '

Byl =(— 1" B (T 1)
Eylyy=— Ep (gnmsii)s {B35)

Reference [14] gives the values of E(y1) for r=1(1)min(n,26), n=1{1110(5)80{10)100.
From (B28) and (B31},

E{T‘}=§;w; [0+ BE @1l =ts =4+ By, (B36)

294




This is required to be an identity for all values of the parameters u, . Equating their co-
efficients gives the two conditions on the weights, w):

k ]
Z_v:‘“—‘;=1:— E [E{ yn—pt s W =3tr, (Bav)

where the hurerical values Byl pe,) moy be obtained from [i4] a= alrendy indiented.
For the varisnce condition {B29), we have, in view of (B26),

B 4 L
JE{T)=§IHJ;EUJ{::_H;]+E Eﬁﬂ:w}ﬂ'{:ﬂ;-ﬁﬂs Lp i s) {B38)
Imif
"T“P(T*:]:[EW;EU;’ t-r-j+EE:w:'wfo;—k4-l,u—k+_r]ﬂ2=1"7i#}iﬁg {Bag}

=minitmum subject to (B28).

Use of Lagrange multipliers in the same memmer as in [13, pp. 50-52] gives, after diifferentiation,
the conditions on the weizhts:

]
Vb Wt 23k kst WA =0 =12 - R (B40)

=

For each fixed value of & £n there are & linear equattons which, with the two in (B37), form =
simultaneous system of (&2} cquations in the (842) unkoowns, to], ¥4, . . ., @, », & ‘The
whlues of » and ¢ are u=eful as a check, bocavsze, i {B40) 18 multiplied by 4, and summed for
J=12,. . ., k, the result iz, in view of (B37) and (B39},

Vi 2t oY p=0. {B41)
The minimum value, V%, will be denoted by Q..
In genaral, there will be a =et of (++2) linear cquations to solve for each k=2, LML

{1} Oaee k=n. TFor k==, the mairix of eonfficiants and right-han “mnst.ant. terms of
(B40) and (B27) i= the (n+2) by {n+3) matrix

ey The c e The 1 By a
u-_:-] a'-_:z P n';, 1 Ey-f. Q
A : B12)
Ty1 Tua S 1 By, 0
1 1 . 1 0 0 1
-Ey{ Ey; 1 r + Ey;;_ '] D yl"_‘

The ordinary {12} by {m42) matrix of coeflicients, without the constant torms, will be de-
moted by A,. II T, denotes the vector column of constant terms, then

and the linear syatem of (n=+2) equations may be denoted
iuw;=rl: (B44)

whera W denotes the eolumn vector of the (#42) enknowns wf, wf, . . ., e, X
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The cocfficients of the unknowns in (B44) invalve the means Fiy,), alveady diseusaed, and
covariances ;. These values are given in table B-1 for n=2 to 6. Tha ¢ wera computed
by the method developed in [12]. Table B-1 also indicates how the moments for the largest
values ense can be obtained simply from those shown.

The (n-+2) eolutions of (B44) ara all expressible linsarly in terma of the components of T..
Thus the solutions all take tha form

w=a b, i=L2 ...n

A=yt iy (Ba5)
Fl=5;+d-}!)‘r

Suhstituting these w; in (B39) gives an expression of the form
D s =Via=AV+2B e+ Curd. (B46)

The quantities a;, &; for the weighta 4, for n=2 to 6§, are ghown in tabla B-2. Tha coeffirients
An, B, CF of @ ., sud the values of ¢, evaluated at F= 40, .50, corresponding to Ly, Ly
respeetively, are given in table B3,

Caleulations woere limited to =46 in this paper, in view of the diminishing returng in
“pfficiency™ (see below) for ineressingly larger amounts of eomputing, Methods suitable for
larger values of a are dizcussed later.

Table B—3 showe thet s sample si2e increases from n=2 to § {in the cese k=n), the
variance diminishes for the percentage-point parameters fp for F= 90 and .50, i. e, fp=rp=In
Ly and fp=2p=In Ly, This iz a common characteristic of the behavior of eatimators for
incressing sample size. Another method whereby eatimetors may be compared s through
their efficiency.

Efficiency iz s messure intended fo provide a convenient standard of comparison for
estimators. This is done for two estimafors to be compared by dividing the variance of each
into & theoratical “‘smeallest™ variance, (zg, known a3 the “Cramér-Rao lower hound.” Further
details in the ease of complete gampler where &=n, a3 here, may be found in [13, p. 14 and
15); values of ez are also indicated in this reference in table ITT (a}.

Table B4 shows the afficiancy values so abtained, for the case k=n, n=2 {0 &, a& regarda
the order=tatistics estimators for the paramaters mp=In Ly, ze=In La.

The=ze veluez show that for r;, the efficiency, starting with under 70 percent for =2,
inereases rapidly uniil 89 pereent, out of 4 possible maxdmum 100 perecnt, iz reached for n=8.
A OD-percent-efficient estimator is penerally considered to be guite good. A repands iy,
the efficiency ia well above 95 percent for all the velues of n, and for n==06 exceeds 99 percent.
In view of results of this naturs, and because of the increasingly heavy computstions necessary,
calculations were not carried beyond =8 in [13].

The shove applies to estimation of the paremeters iy, and 2y, which it will be recslled are
the logarithma of the sctual life estimates L, Ly Tt is believed that efficiency of the method
of order statisties in obtaining estimates of actual Iife L., Ly is prohably ressonable, in view
of its high efficiency in estimating the logarithms, 2, 2.

2y Case k< n. For the case k<n, the procedurs is very similar. Ome atarta with a
(k+2) by (k+3) order matrix A} derived from Al in (B42} by siriking out the first {n—4k)
rows= and columns, Ooe proceeds in this manner for k=r—1, —2, eic., until when £=2
the matrix becpmes

F;—lm—l f;—l. " 1 Eﬂ;—l o
Tm, 1 o 1 E, 0
ﬁ2= #—1 am H {B-fl?':l
1 1 0 1] 1
Eyana By, ¢ 0 yrd,

representing a ot of 4 equations in 4 unknowns.
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The resulting weights «; snd varianees ff, , wera obtainad in similar menner to those
for =n in (B45) and (B45). These, it will he recalled, are primed quantities, associated with
descending arder of the arder statistics, Becanse the chservations, r, for successive failures
naturally ceeur in ascending order, it s more useful for actual application, in contrast to theo-
retical development, to tabnlate the weights and covarisnces for the order statistics in ascending
order. This has been done in table B-2, giving the weighta w,=a+ &3, and i teble B3,
giving the variances J.,=A+2By,+Cyk for the estimators 7,; formed with the above
waiphts, These veriances are alzo evaluated for the parameters rp=ln Ly, aw=In L. The
relatignshipz of theso unprimed quantificz to the primed ooes of the provious theoreticsl
development is merely a reversal of the order throughout, as indicated by subscripts: i e, avery
. is changed to the corresponding @, and similarly for 3] and w; The variances ) MmAyY
be shown to remain uochanged.

b. Extansion ko Lorger Samples

Samples of more than six items are broken up into independent samples of 6 with s re-
mainder aubgroup, if neceszary, of from 2 to 5 items.  Because the endurance data were arranged
in incressing order of life, independent random subgroups eould not be obtained hy simply
taking groups of § in the (numericsl} order in which they appeared on the worksheets. It was
therefora first necessary to randomize the endurance lives on aach datsa worksheat. Thiz was
accomplished by use of random numbers that wers generated in the slectronic computer (the
SEAC) as needed.

Such artificial randomization ig not desicabla when it can be avoided, becavae the resulis
of the caleulations are then not unique, but may depend to s limited degree on the particular
get of random numbers waed.® It is therefore recomnmended that when the bearings in & test
group sre to be simulianeously run on e battery of {atigue-iesting machines, the individual
bearings zhould be recorded in advance in some more or less natural order fadependent of the
order in which feilere tekes place in the course of Lhe test. Natursl order might be order of
manufecture, order of Lesting, ete.

In the present investization, each subgroup was treated as a rendom sampla by the methods
already developed for size 6 or leass. That is, 8 “subestimator’” was calenlated for each sub-
group and the resulis avareged to praduce an over-all sample catimator,

An estimator, batb Tor the indimidual subgroup and for the over-all sample, was obtainad

for cnch of the four populstion quantities:
%, A fw=te=In Lpy=utyxd {p=Ix=In Lo=ntyad. {B48)

For subgroups, thess four paremetesr estimates are given by (caret denotes “estimate of ™)
t t A [ [
d=2am, A=23bz, bo=TA0=S+ywd, zo=To(S0=ityuh  (B4Y)

where ¥ o= —2.25037, ¥y p=—036651, and 2, 525 . . . L2, ZEE<a <4 are the logarithms
of the actusl observed lives in a subgronp nrranged in aseending order, and the &, and &, are
read directly from table B-2. For tha over-all sample cstitiator, the subestimators ¥, , are

maoraly averaged.
For lnter nze (appeodix ) the varianee of the over-all estimator, T, and lis relation to

sample zize will be eoosidered here.  Consider first the ease of a complele sample, where no
intact bearings are present beeause the test i3 run to completion. Let % be the sample size;
then there are two cases, according as (1) # <86, or (2} n_=6.

o This effact oan bo raducad srmewhst by meklng & dupdieniz nin and avaraging the reanlt, 36 was done o ikl study.
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(1) n=<# Table B-3 gives the numerical variances, thy and &gy, for #=2 to 6. These
velues are plotted in figure 2 on double-logarithmic peper. The values for £ {right-hand
scale} are seen to lie on a straight line of slope negative unity. 'This shows that at lcast in this
cese, variance is inversely proportional to sample size. For the other case, @y, a straight line
also gives a reasonably good fit, and its alope appears to differ only a little from —1. Henee
the underlined statement is approximately applicable here too.

{2) =6, If & sample of siza 27>6 is hroken into aqual subgroups {of size B, for example)
there will generally be a remainder of size lesa than 6. The preceding development, when
suitebly modibied, shows that for large = the influsnce of this remainder is small compared to
the remaining bulk of the sample and thus the rule in question holds approximately in this case.
Agreement with the rule is less close for & few pases of moderate ., but for eimplicity the inverse
relationship will be taken s & reasonsble rule of thumb in all cases for the over-all purposes
of analysis. |

Two complete runs were made on the SEAC for each of the 213 test groupe of data, snd
the two resulte were averaged for each group, giving values of the averages

u, E: E.ta:mm E.m=‘hﬁm- (B&O)

From theee, the walues of Ly and Ly were obtained from a talble of exponentiala and the

Weibull slope ¢=1/8 obtained 88 & consequence of formuls (B5). An example showing. the
eteps 1o enleulesion of Lig, Ly, and ¢ is discussed below,

Becapse this investigation represents probebly the most extenzive mass fitting of the
Weibull dis¢ribution mede to date, a tabulation of the 213 values of the parameter ¢ will be of
considerable value to future applications of this distribution. This is shown in tabla B-6.
The corresponding histogram is given in figure 3. Particular items of interest are

mean of 8 (all 4 companies)=1.51,
median ¢ (gll 4 companies)=1.43.

Note that 50 percent of the values are in the interval e=1.17 o 1.74.
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. Worked Example

The exampla that will be given to illustrate the foregoing procedures will be the one that
was worked out a3 a “test problem’ for the SEAC before using the full set of data. The test
group of benrings selected for this purpose wes Ne. 1-1 in table A-1, for company A. The test
group censisted of 24 bell bearings, of which 4 remained intact when the test was discontinued.
The details of the computation for obtaining values of Ly, Ly, and Weibull slope ¢ from the
test group of deta are contained in table B-5 and described in the siteps balow,

The endurance lives in observed (incressing) order are lizted in colummn {1). The arrows
indicate the four “run-outs,’ or ‘intacts,” whose testing wes discontinued at the number of
million revolutions indicated. All that is known about these four bearings is that their fatigue
lives excecded the values shown,

Step 1. Randamization. The ovder of enduranee lives in columa (1) was randomized by
use of & set of random numbers genorated in the BEAC! gs part of the computation work. The
regult 13 shown in column (2} of table B-5.

Step £, Subgreups. The lives in randomized order were divided, as shown by the lines of
separation, into subgroups of size 7 =06, the maximum size for which the order-statistics weights
hed been computed.” Each subgroup was then prepared for the application of the order-
statistics method by rearranging in increasing order {eolumnn {3)). Natural logarithms were
then taken as in ecolumn {43,

Step 2. Weights, Each subgroup was regnrded as consisting of & actusl observations out
of & censored pamiple of . Lt happencd hore that » was § for every subgroup; & took the values
6,5 6,3 These values are shown in the subscripts of T, ; written in eolumn (3}, and they
determined the weights a; and b, to be selected from table B-2. These weights are ropresented
in columne (&) and (6},

Step 4. Crose-products.  The cross-products

k ]
Tml=§ﬂ;lx{r E LA

wers then evaluated and placed &= shown for each of the eubgroups.

il g= pamphe Blze M i a0 expct molliple of =G, 1t 5o eppeoed thal theve Wesd 0o ' remeinder subgronn™ o chis case.  ‘This will pot oeolly
B H, but b Puoeedurs b Menlond e othey values of 5, differiog memly o the nomerics] welghts to be uzed.




Step §. Fatimates. A simple arithmetic avarage of the four values was taken for each of

the two columas (5} and (6}, and denoted by Ty=4, Te==#, reapectively., These arc the order-
statistice estimates of the two parameters % and # of the extreme-value distribotion that
repregents the inderlying Weibull distribution,

The reciprocal of ﬁ yields the Weibull slope ¢=1.32497. [A)
The following logarithmic life estimates were given by following linesr combinations of

the estimates & and §, using the given values of ¥ s, ¥
2y=ln L,—&-—2 25027 é=2.932305
ro=In Loy—=0—036651 =4.404120
rating life Liy=antilog {%1) (base ¢=19.2333 million rev (B)
median life L., —=antilog (35} (base ) =81.7872 million rev. ()

Theee three values {A), (B), and {(*) represent the outcomo of the calenlation,

In the full-seale computing program, calculations wore carried out by the SEAC to o larger
number of places than is shown in the table for presentation purposea, In general, howover,
the number of places shown here should be adoguate. The veloes Ly, Ly, and ¢ shown here
differ slightly from those recorded in table A-1 because the latter represcut averages of two
aeparate runs.

TaBLE B-1. Afzans, varidnced, and d¢olorioncés of order alolisfics y; fn sampled of n from the reduced exfreme-
valus digiribution Gyl =epl{—e=), n==Flo &

Por dlopibntion of Targsed walbied, ghsps - . . Sfa
For dlawributlon of sralien vahues, =8> .. . 2ol

Meana* Varlanees and covadanees* ol =ei=s.=ry
1 ! Exipy)
= — Ey (i ) ] ] ]
=1 =2 J=3 i=4 F=3a j=4
3 { 1 0, 11393 1532\0. 68402 B8040, 48045 301
2 |—1 2734 236 1. 44433 407
T 1 0, 40361 359( . 44849 THG(0, 30137 144|0 24375 B10
a 2| = 456043 263 . BOEGZ 235 . H4620 438
1 3 |— L 67582 705 1. 64493 407
1| O6T361 263( . 34902 17| . 22456 344k 17003 464|0. 15388 Q1E
4 2| —. 10502 352 41553 113( . 33720 Oe6| . 20271 138
3| —.B12V8 176 . GS1B0 236G . 57433 356
4 |— 1. 963561 M3 1. 64493 407
! 1| 060018 T15 , 22480 447 . 18202 63G| . 14358 7370, 12257 865|0. LOGDL 320
: 2 . 10689 454 . S0R40 748 . 24478 TR . 21236 614 . LROBT 383
I 5 i —. 42555 061 05498 202 | 45267 072] . 31716 095
4 (=1 07093 582 . OFHY 3L) - RR9RL 619
3 |—2. 18665 358 L 64493 407
b 1 Q. TTTID 308 . 24068 20 | . 1R4DG T4 | L 12121 61 | 10251 64 (009116 19 | 0. OB2RG 42
2 L 25453 448 24834 56 | . 19670 62 | . 16506 28 | | 14845 42 . LG 10
G 3| —. 18818 b4 _ 20781 59 | 25416 B | _ 22AET 90 1L
41 — BG2T1 588 40185 52 | . 36145 55 . oodM 51
3 |—1.27504 ATH L BATOY DG . Go0ES 67
g [—2.38807 513 1. 84403 11

*The MeAns Are for emplleat values (denoted by subaoript 33 ; for largest values, change all sigos and reversa
ooder of p's.  The #i; are 1he sume for both.
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Tapre B-2.

Weighis w; for ihe order-stafiatios extfimator .o for e paresmeter ip=u+ Byr of the solrepme-pnfie
distribution (zarelleal valiues) from o conpored zampls of n=2 lo 3, where only the b rmalfosd

1445 Gré RTRGUm

ToamthBtwn4 .« o sy
nEnRY . ., En k=Tl
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6. Appendix C. Ewaluwation and Analysis of the Unknown Parameters in the
Life Equation with Regpect to Companies and Bearing Types

6.1. Bummary

LZ"'D:=]’
P ?

expresses the dependence of fatigue-life L on the design characteristics of the deep-groove
bearing (Z, 12}, the bearing load P, and the “workmanship factor” f,. This appendix out-
lines the statistical methods that were used (a) to determine “best” empirical walues for the
pammeters f,, &, ¢s, #od p of thiz life formule, (b) to derive the associated intervals of uncer-
tainty, and {c) to ahswer varioos qeestions about the values of these parameters, from the
basic endurance data farnished by the ASA Subcornmittes, which are summarized in appen-
dix A. These methods are applied separately in each case to the mting He L, snd median
life Ly, valuea derived from the endurance teat data 58 described in appendix B.

Section 6.2 aummarizea the application of the statistical methoda used to dstermine hast
empiricol values and intervals of uncerteinty for the perameters f,, &, @, and p in the casc of
decp-groove hearings, Sectionz 6.3 to 6.6 cutline the statistical analy=es cmployed to anzwer
varigus questions sbout the velues of f,, 4., @, and p for the ball bearings of compunies A, B,
and (!, In particulsr, section 6.3 gives the soalysis employed to detormine whether values
of thess four parameters are the same for the bearing? of the thres companies. This analysia
is carried out separately for rating life L,, and median life Ly, and the postulated '‘complate
between-companies homopensity” ia not supported in sither instenes. Section 6.4 pives the
mnalyzis sppropriate to defermining whether the date are eonsistent with the supposition
that the velue of p ia the same for the three companies (repardless how the values of the other
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Equation (2a} of the main text,
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parameters may differd; this analysis iz applied to the L;; and Ly dsta, with an affirmative
econelugion in both instances. It is concluded further that the dsia are consistent with the
supposition that this common value for g is equal to 3.

Saction 6.5 presents the analysis emploved to determine whather the values of the param-
aters f,, 4, @z, and » are the same for tha thren types of decp-groove bearings (B—1, B2, and
B-2) {or which the data from company B were aveilable. A pegntive conclusion is reached.
These data are then reanalyzed to determine whether they are consistent with the supposi-
tion that =3 for each of the three types, repardless of diferences 11 the other parsmeters.
An affirmative conclusion is reached in this case.

Section 6.6 concems {a} the extent to which the L,y and Ly values are consistent with the
supposition that the values of 4, &, and # are 2/3, 1.8, and 3, reapectively, a3 given in [15];
and {bh), the determination of nore precisa values for f, in {hose cases in which the foregoing
supposition i3 supported.

6.2. Datermination of “"Best” Valpes for the Parameters ond Their Asesociabed Tnisrvals of
Thheertainky

Ap shown in section 2.2 of the msain text, if natural logarithms are taken of both sides
of the life equation {eq (2a)}, the resulting aquation expreszes the logarithm of rating life L,
(or median life L) ga a linaar function of the lognrithms of the characteristics of the bearing
(7.0.}), and the bearing load P, with cocflicients that are simple functions of the “workmanship
fnctor' f. and the exponents, a;, a;, and p; L e,

Y=b+ bzt bars 1+ ba2, (1)
whetre
¥Y=In L
1115111 Z
c2
ze=In IJ,
#=In P
and
by=pIn f.=pa
=
1 1 [{JE}I
Ii":=J!J"ﬁ|52
==

are unknown constants to be estimated from tha data.

The variables &, xs, and =, are fixed varates. Their values are uniquely determined by
the design of the bearing and the bearing loads that are used in the feats. The variable ¥, on the
other hand, denotes the menn valpes of In Ly, or In Ly, for the population of all bearings with
characteristics z, and xx, tested at load z,.

In the practical situation ¥ is never known, but must be determined from the resulta
of endurance tests. The methods used for ohaining such estimates of ¥ from endurance-test
data are given in appendix B. To distinguish ¥ from an empiricsl estimate of it, tha estimate
will be denoted by the lower-case letter y.

Generally speaking, an estimate ¢ is a random variable, having o probability distribuotion
that depends on x;, ;, and 23, 'We asaume that the megn of this distribution ia ¥=13" {z, x,, 23},
and that its disparsion, or more precisely, ita serigaee, is inverscly proporiional to the rumber
of bearings w in the test group from which the esiimnte y=y (&), 2, 2; @) is derived {ef.
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pppendix B); that is,

mean of y=F
e } {C4)

parianes of Y=

where of denotes some positive cor stant, and » is the number of bearings in the test group.

The statistical mathods vsed to eatimate the unknown parameters by, by, by, and 8; from che
dats are termed regression techniques. The books by Andereon and Baneroft [1], Dizon and
Massey [3], Hald [10], Kempthorne [11], Mood [16], and Wilks {20] give extensive discussion
of thesa techniques. For completeness, some of the techniques and rationsle of regression
analysis bearing on the work smbaodied in this report are summerized below. More detziled
discussions can he found in the above refarences.

Fetsmotion. The problem of estimaeting the unknown parameters in the life equation can
be etated a= follows: (Given independeni obzervations {¥.; ®ia, ¥re. ¥se; Wo} from » test groups
{(e=1,2,. . ., n) whera y, iz tha estimata of In L,; or In L, %o, e ara tha logarithms of the
bearing charneteristice Z and 3, z.. is the logarithm of the losd, and @, is the number of
individual bearings tested for the «th test group; required fo sstimate the values of the param-
eters by, by, by, and &, in eq (U1} using some gptimum method of sstimation.

Estimates for the b, (1=0,1,2,3) that ara free of aystematic error and have smaller variances
than any other lineer unbisased estimstes are obtained by minbmizing the gquadratic form,

Q=§wa{ya— bi—butru—Beitsa— Biteal, (C5)

with respect to each of the 3, (:=0,1,2,3).
The resulting normal equations defining the parameter estimates can he written in the
form, ™

Gon?;‘u+ﬂms1 +ﬂun§2+dm'gl=§n
{5“,3.,-1-.1"31 +I'3n3: +d-|:£:=!;‘1

!Inulu+ﬂilsi+ﬂnngz+ﬂugz=ﬂn e
aauin+amsl+aa=3z+anga=ﬂa,
where
iy ,=§ WL g i4,=0,1,23. (cn
=T 01,23, (C8)
and rp.=1 for all .
If one defines tha residual sum of sguares by
n 3 g
=33 0 [9a-33 bene |
which alse can be written in the alternstive form
b ] 2 .
S=¢E-1 w«ﬁ’.i—a bige (C)
then the optimwm estimate of &° is
. (€10}

HA caret (&) 18 NBed s b ABLnguis the font thet the soludlons of the normal sqmtions are eetimated vk of (e paramobers wod oné
#hn parametars themaelves,
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The guantity (n—4) is the rank of the quadratic form S, and is termed the degrees of freedom
associated with 8.

The above method of estimation doss not depend on . having a particular arsumed
probability distribution. All that is necessary to specify about the probebility disiribution of
¥e 1= that 1i possess m finite mean and variance. The sclution of the normal equations {O8)
has the property that the weighted sum of squares of tha deviations about ¥, will be 3 minimum.
This 1% a sg-called “lenst-zquare™ property of the sclution=, but it is only a consequence of the
method and is not the justification for using this method of estimation. The justification for the
methed 14 that this 12 the only one that rezults in minimum variance nobiesed sstimates for the
b, (=0, 1,2, 3).

Values for &; {=0,1, 2, 31, and hence for @; and p, can be obtained by using either the
In Ly or It Ly values for .. In all cases where the o, and p have been obtained for rating
life Lo, another set of parameters have also been calculated for medien life L.

Tndervads of uneeriarndy ond inferences. The methods so far diseussed for finding eatimates
of unknown parameters need no assumption a8 to the formm of the underiying probability dis-
tribution of .. However, something movs must be sssumed ahout the distribution of . if
(&) one wishes to place an interval about an estimate of a paremeter that will includs tha
“true' {or population) value of the parameter with given assurance, or {b) if one desires to
make inferences about the parametera of the life aquation for the population from which tha
bearings arc a sample.

Although the endurance lives for individual bearings may follow a Weibull distribution,
thea distribution of ¥, will not be of this form., However, tha cstimate y, (of. appendix B} is an
averdyge of several indopendent cstimatez, each bascd on hinear functione of aix or less order
statisties. Hence, by the central bhmit theorem, the distribution of the eatimate y. will be
approximated by a normal distribution when » is lacge (ef. Clramér [2, p. 2131}, The statistical
tests of significance ueed in this report are not greatly affected by moderate departurez from
normelity. Therefors, for making all infsrences, it will be further sssumed that the estimates
. follow a normal distribution.

Tha intervalz of uncertainty caleulsted for each parameter are 95-percent confidence
limitz {equivalent to the usual *two-sigme’’ limits), which were referrad to in the main text.
Confidence limits for the parsmetar p= —#f; can be caleulated by using conventional methods,
However the confidence limits for as, ¢;, 8nd 4; are somewhst more complicated.  The method
ustd here, for this purpose, is sometimes raferred to as Fiellar’s thoorem (of, Fieller [4]).

In order to meke inferences about the paremeterz with respect to the different companies
or bearing typrz, certain statistical testa of significance were uzed in thie paper. Thess are all
based on & test statistic F, termed the veriapes ratio or Foatio, which fakes the form

,_Qﬂr"l
F—Wh:

where £, and €. sre quadratic formsa calenlated from the dats and s, »; are the respeciive ranks
of the quadratic forms. The explicit expressions for ¢, and ¢ depend upon the particular
hypothesis being tested. The subsequent sections that employ a variance-ratio statistic also
pive the explicit expressions for the two quadratic forms. _
If the hypothegis being tested is true, then the caleulated variance ratio will deviate from
unity in accordance with its tabulated distribution. Hewever, if the Lypothesis is falea, then
the varienes ratio will he substantially greater than unity, and the “more fnlse™ tha =tatad
hypothesia, the larger the valus for the varianca ratio. Thus when the hypoihezis tested 1=
falae, thia will be detactad by an abnormally large Fratio. In order to objectively determine
whather & caleulated variance ratio is significantly greater than nnity, one gelects from tables of
the variance-ratio distribution a ersfiead safue of F, such that thera iz only p small probability
of the calealated varinnce ratio axeceeding thae critical valoe from purely chanee csuses. The
critical value for F us=ed for all varinnea-ratio teatz, in this paper, has been gelected so that there
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is only a probability of .05 of its being exceeded by a calculated variance ratio from purely
chance causes. This critical value will be denoted by Fos(r ).  More extensive discussions of
theso procedures are given in Kempthorne [11, chap. &].

All statistical tests of significance to test relevant hypothesss have been carmied cut both
for rating life L, and median Life Ly.

6.3. Analyuiz to Determing Whethey Companies Have Common Valuea for All the Parameters
in the Life Equaticn,

This section deals with the details of estimating the valaes of the parameters in the life
equation for each company. Furthermore, a statistical analysis is made to determine whether
the companies have common values for all the parameaters ip the life equation. The Fratic
{eq {C14}), which is used to test this hypothesis, is obisined from the following procedures:
A single sot of parameters, & (i=0, 1,2,3}, is obtained by first ftting all the data, irrespactive
of company, to the logarithmic life equation, and then calculating the resulting residunl sums
of aquarea & {aq {C14)) having 208 degrees of freedom, If the hypothasis of common values
for all the parsmeters is not true, then o better fit to tha data con be made by fitting the life
equation separately to ench company. Thesa caleulations result in the individusl residual sume
of squares &, &, and 5 (eq (C13)) having 46, 144, and 8 degrees of {readom, respectively,
Thus the total residual syms of squeres (8 +8:4+ &) wil] have 464 1444-8=198 degraes of
freedom, Then the differsnce between § and ($+&+5), 1 o, {F—(8:+ 51455}, s alo a
guadratic fortm having 206 —198=315 dagrees of freodom, If & substantially beiter it was ob-
tained by fitting & separato life coquation to tha dats for each company, as compared to a single
life equation, the difference between the two residual sums of squares {§— (8,4 5485} will be
[arge. To determine whether this difference iz statistically sipnificant the varianee ratio
(C18) is employed,

Mathematical formulation. It will be convenient to adopt the following notation: Let the
superseript (#)=1, 2, 3 refer to companies A, B, and C, respectively. Also, for each company,
let 5?" (i=0,1,2,3) refer to the estimates of the parameters in eq {C1), and aﬁ;‘, #i* denote
the sums of cross producta defined in aq {C7) and (C8)'. Then the normal equations that give
the parameter estimates for the sth company are

ﬁdé"ﬁ‘;&g;ﬂ i=0,1,2,3, L

and the eztimates for the paramaters ¢, (i=10, 1, ¥} and p, in the lifs equation, are obtained {rom
the relations given by eq (C3). These results are surmmarized in tables 6 and 3, respectively, in
the main text.

Tho hypothesis that all paramaters in the lifa equation are the sama for each company i=
equivalent to the hypothesis that

Bn=bP=bf"  i=0,1,2,3. (C12)

Define the residual sum of equeres for the uth company by

S.= E Wealfl— Em W y=1,2,8%, (C13)
and lat
3 i
S=E E wwyw:_; gigfr §i=2 Eim: (Ul'l}
el e ] =]

where &, {f{—=0,1,2,3) arc the estimates abigined from the solutions of the normal cquations

WA - Iv pnly the retke of the nombers of obtarvatiung that B hopeetant e welghiting, fhe weisbis o gsed D B colenlntbon of the mttos of
oAt prjadi s b all the ponlyass ieve been aken e o tegral multipbe of 5; 2. £., IFthe oumbor of beacings o 6 ek group 10 20 {Ear), thon wb




without ragard to company differences, 1. e,

3
> él a:‘j‘] 3,—§I g i=0,1,2,3. (C15)
Then the variance ratio for testing the hypothesis given by eq {C15) is

&+ S+ 89008 '

and the critical F value is Fg; (8, 198)=1.55.
Table (-1 summporizes the velues for 8, (#=1,2,3) and the other quantities needed to
evaluatla eq (18],

Tapte -1, Syropsie of coloulations o delermine whether companies Ravs commeon values for afi
poramciers i life equation
L L
Liegrees
of
freedom Mean Maoan
S sqitare B, HE LATE
Companies combined | _ L _L....a_ .. L)) 440, B84603 | ______ 345 285324 | ______
A 45 102 552210 | _ .. _ 89 Ta4OTH [ ______
B___ - e - 144 45, 121082 ) ______ 201 935TOT | ____._
R 5 6 160585 | ______ =Y V.2
11 s 195 304 BRA0E2 . 1 0801 | 300 027608 | 1. 3153
Differemee. . ..o oo g 52 840801 | 6 6002 45, 267624 | 6 0322
_6 _8.0383
From eq (C16) o _____ F=Toger =% 32 F=tps—5 98

The valuea of the Fratio (eq (C16)} calenleted from the gquantities in tabla C~1 are

Lm: F=332

Lot F=398

These caleulated F' values are both larger than the critical value, F g (8, 198)=1.98; actually
the probability is lezs than 0005 of having an F-ratio as larga a2 those above from purely
chanee causes, Thus from the above statistical tests of significance, the conclusion is reached
that the three compandes do nol lae common salues for alf of the parameters fn the life equation,

6.4. Analysis to Determine Whether Companiss Have a Common Value for the Exponent p

The previous apalysis resulted in the conclusion that the parameters in the life equation
are different for ench company. However, this does not exclude the possibility that all com-
pantes may have o common p, even though the &, (i=10,1,2) differ from company to company.
Thia section discusses the analysis made to determine whether the compenies have a comman,
velue for the exponent . ‘The analysis given hera consisted of the lollowlng procedure.  First,
the logarithmic Life equation {C'17), having a common value of 5, but allowing the e, to vary for
sach company, was fiticd to all the data, and the resulting residusl sum of squarcs 8 {eq
({201}, baving 200 degrees of freedom, was calenlated. The total residuel sum of squares
from fitting the lifc equation scparately to vach compeny (allowing # to vary in addition to the
a,) iz given by (8, +&%4-5;) having 198 degrees of freedom (cf. section £.3 of thiz appendix).
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Then the reduction in the residual sum of squares achiered by using a different expenent p for
each company isf S’ — (5 45;+85) | having 200—195=2 degrees of freedom. To test whether
this reduction in the residual sums of aquares is statistically significant, the variance ratic
{C21) 15 employed.

Mathematical formulation. The logarithmie life cquation, having a ecommon value for
the axponent , van be written for the ath test group in the wth company as

Yue=b+b"2T+dM e +-barll  a=1,2,...,0,u=123. {17

Note that although each company has the same parameter b; in the sbove aguation, the para-
melers B3, 3™, and & are different for each of the threa compamies. Thus= there [are 10
differeni parameters, i. e, M (§=0,1,2; ¥=1 23} and &, to be estimated from the data.
The normal equations for eslimating these parameters are
2 A .
Saigbpreph=ge -0, 2u-1,2,5
J; 2 . (C18)
PIDIALETM AN
el fmi
where

3 Fil
Bar=2, B4y ﬂ?i:E [T
H=1 H=1

Thus the set of equalions given by (C18} is & system of 10 linear equations in 10 unknowns,
Onece the solutions are obtained, the estimates for a,fi=0,1,21 in the lifc cqueation are caleulsted
from the relationship

Ev=—2C i 1,2 u=1,23 (C19)

The residual sume of squares (denoted by 8*) associated with fitting the life formula {17} to
the dats ie given by
3 A
S'=2 2]

=] a=l

¥ 2
Vratfba— 20 23 b ¢ —bags. (C'20)

Then, to 1est the hypothesis that the companics have a common value of p, regardless of
the values for the other parametors in the life equation, the variance ratio

(88— SR :
= T S Rones (c21)

having 2 and 198 degrees of freedom is used. The critical F value is (2, 198)=3.04.
The value= of 8 for both L, and Ly are

Lm: Sr=393.2?234? d. f.=2]l]

{z2z)
La 8°=301687871 & f.=200, _
and the calculated ¥ F walues (using aq (C21)) give
L F=—0141
{C23)
Ly F=1.548.

T From theory, the milculated ek tor the Fesllss mn sever be segatine.  The rewon for the oegailye wnlae of F for Le 10 thet the valos
fer the pumerstor of eq (C207 i only secocats nomerkeslly to ooe deckmall pleos o sexamt of PoUlW-ofT evtotd arislng Do the sphetion, of tha
normal souatiane (C18).  This, I the bhypathesls of w common p veloe ks ame, then the Foratlo wlll net be laege snd roamd -off ercors may affes
e rmesulting eabrulation,  Altsnatively, If the null iy polhetls B folse . twd the onbpuleged Fautio will be Iomger then 34M snd the round-odf ervor
shotlel Te OF This OOTREm1: D




Becauze both variance ratios are smaller than the critical value F.op (2, 198)=23.04, the
conclusion drawn from this statistical analysiz is that the data support the hypothesis of s
common valoe of p for the three companies.  This holds both for rating life {L,4) and median
lifec (Lw). The values for the common p are given in teble 2 of the main text. The values
for the remaining constants in the life equation ¢ {i=0,1,2) are found from the relations {C19).
These results are sutnmarized in table 5§ of the main text.

6.5, Analysizs io Determine Whether the Three Bearing Types From Clompany B Hava Con-
sistent Parameter ¥alues

The analysea, diseussed in previous sections, dealt with datermining whether there are
ditferences in the parameters of the lifs equation between compenies.  Thiz =acticn investigates
{a) whather three different bearing types mada by company B have common values for sll tha
parameters in the lifa equation, and {b) whether the exponents p calculnted for sach bearing
type are consistent with the value of p=3.

Tho anglysiz for (a) 1= wmilur to tha analysis made in section 8.2 of thiz appendix; 1. a,,
peparate life equations were fitted to cach bearing type and the resulting residual sum of
pguares was comparcd with the residual sutn of squares ariging from fitting & sinple equation
to gll data from company B, irreapeclive of bearing type. The varignee ratio for statistically
teating {a) is given by eq (C27).

The analyais for (b) was poverned by the following considerations. If the true {or popula-
tion) valus of the exponent # is p=3, regardless of bearing type, then the estimates for p
ohtained by fitting & separate life equation to each bearing type should not differ from =3 by
more than the dispersion inhersnt in the endurance livez of the bearings. The agresment of
the values of p estimated for each bearing type with 5=3 is tested for siatistical significance
by the variance ratio (C28).

Mathematical formulafion. The 148 tost group= fromn company B can be divided into
thres bearing typos corrcsponding to 37 proups for B-1, 94 proups for B-2, and 17 groups for
B-3-type bearings. Let these types be dencted by v=1, 2, 3, respeetively. Also define

A= rrs  4§=0,1,2 8; v=1,2,3
=]
{C24)
oo
EE"=EW,, xi::}y:-::] '£=ur 1,23 =1,23

where #. 1s the number of test groups for bearing type 5. Then the normsl equations, which
determine the estimates for the parameters in the logarithmic life equation, are

a
StAmbe =g i=0,1,2,3; »=1, 2,5 {C25)
1=}

Thus for esch bearing type, the values for the parameters ¢ {£=0,1,2) and p in the life equation
can be estimated from the relations

I n
&E”=—f£ ’
i
1"5:-1:_5:-:-1

ali




Therefore the residual sum of equarcs for the sth besring type is
L]
5 "”=ﬁw.*yir12£1“€i" =123, (0026)
cram | =g

having {n,—4) degress of freedom. Then the hypothesic of common parameters for the three
benring types can be tested by the variance ratio,

(§—F0— g
e T w2

having & critical value of ¥ (8, 1381=2.01,

Bince the analysis given In section 6.4 of this appendix resched the conclusion that all
cOMPpaniea have a common velue for p, and singe this value (ef. table 2 of main text) with ita
ssacciated unecertainty mocludes the value p=3 given in [15], it seems slap desivable to test a
second hypothesia that the valoe of p for sach besring type is coonsistent with p=3. The
Fratio for this hypothesia is given hy

E fi,m__mz_‘_{ﬁm__g}z | [i,m_.g}!
o) S U = VI = N |
(3:11+Sc21+3<ar”133

whore the p™{p=123) refer to the eztimates of p obtsined for each bearing type, and Cif
(v=1,2,3) is the element occurring in the last row, last eolumn of the inverae matrix to |43
{(r==1,2,3). The critical value for the varisnee ratio (O28) i3 Fg (3, 136)=2.07.

The eztimates of af (=0, 1, 2) and p™ obtained from the zolutionz af the normal
equationz (C25) are summarized in tables 7 and 4, respactively, in the main text. The calou-
lation= for the varience ratio (27} are summarized in table C-2,

Corresponding to the hypothezis that tha three bearing types have the sarne parameters
in the life equation, the caleulated variance ratios (C27) yield

Lo F=205 }
{029)

(C28)

LB:': F= 2.38+

Taern C-2,—Siymepsis of calculalions i determine whether oll begring lyper Agee commen paramelers in life
eqealion {sompony B enly)

n Lm L
[ 2
Tvpe of bearing %‘lt'ee
Ireedom AL Mean Hirt Mern
pruare BEJUATE
All types combined. . ... ________.__ W44 HDHE 101082 ... 301, AI5TRT e .
B-1_ . 33 68, 558I0A ;. . __| 33008973 |.________
B-F e eeeeeeoo- G| 174 N0suAY .| 131, 142017 ——
5 12 L1 BEv480 ... _.__ B 505838 | ...
Bum . e 136 | 254 4217168 | 1 BTOT | 172 fo4823 | 1, 2806
Difference. . . ... ... oL = B0 700246 | 3835 29, 2V116% | 3. 6584
38374 16080
Fromoeg OBV e F-W‘ﬁmﬂ_l}ﬁ F-mlﬂ.ﬁﬁ
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Becaure the eritical Fvolue is F o (8, 136)=2.01, both the Ly &nd Lg ealeulated variance
ratioe are slatisticaily sipnificant. Therefore, one could conclude from the ahove Fratios that
the data support the hypothesis thei paremeters do differ between bearing types. However, this
does fist exclude the possibility that the values for the exponent p are eonsistent with the value
p==3. Substituting the sppropriate quantities in eq (C28) results in

L“]: F=1-13
(BR]
Ly F=232], (©30)

where
i =0.53204

CE=0.107395
O =0.396744,

TLua, ae both of the above calenlated Fratics are less than the critieal velue, F o5 (35,1863
=2.67, the conclusion can be made that fhe values of 7 are conpistend with p—=23 jor different
bearing types, althoueh pozsibly some (or all) of the other parameters in tha life formula . e.,
¢,(i=0,1,2) may differ among the different bearing types.

The valuss for &/ (i=0,1,2: #=12,3) arsing from the analyeis by ball-bearing types
have vory large confidence limits (intervals of uncerteintky}.  This te mainly due to the fect that
an analysis restricted to one bearing type is essentially sn analysis on bearings having almost
the spme values for Zand ¥, In order to eslimate the ¢} with pood precision, it i necessary
to have results for bearinge having wide variations with vespect to Z end 1),. Thus the esti-
mates for ¢, based on el bearing types for company B (table 5 or table 6) have substantially
emaller confidence intervals as compeared to the intarvals based only on a single bearing type.

6.6. Determination and Analysis of £, Based on the Parameter Valooe
a;=2{3, 8,=1.8, and p=3

The vahies for the parameters 2, a;, and p piven in[15] are o,=2{3, g;=1.8, and p=3.
It these perameter values are valid for the data al hand, then more precise estitnates for the
“workmanship'? parameter g {or fr) can be made for each company or bearing type. These
will generally have better precision ecompared to the estimates of 4; made when the other
parameters in the life equation are simultancously estimated along with g This seetion
congiders the problem of verifying whether the parameter values, given above, are valid for the
given data, and for those cases where this is true, estimates of g {or f;) are obtained sssuming

these values for the other perameters.

The procedure for datermining whether the values 2,=2/3, 2;—= 1.8, and p=73 ars valid for s
ziven clagsification of the data (with respect to & company or besring type} iz to fit the data 1o
the life equation, using the assumed values for a,, #.. and . Thos there is only one unknown
parameter, @, in the life equation to he estimated. Then the resyltant residual sum of squares,
denoted by B (eq (C37}), ean be calculated having (n—1} degrees of freedom. Alternatively,
the life equation ean be fitted to the dats such that zfl the unknown parameters are simultane-
ously estimatad. The residusl sum of squares from thiz latter fit, 8, will have (n—4) degroes
of fraedom. Thep, if the above parameter value: are not consistent with the piven date, B
will be appreciably larger than §. The variance ratio {(238) i8 vsed to determine if the differ-
enee between these two residusl sums of squares, i e, {E—58) having [(n—1)—{n—4}]=2
degree= of frecdom, is statisticelly significant.

Mathematical formulation. Let n be the number of test groups within & particular classifi-
cation (cither by company or besring type}. Then, assumibg the veluea a,=2/3, 4;,=1.8, and
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p=25, the legarithmic life equation Tor the ath test group ean be written as
Yd=3{aﬁ+zﬁ} q=1: 2? cegth {CEIJ

where

$¢=[§ 212+ 1.8 I:h—-Eau:I' {C32)
The resulting normal aquation for estimating ae is

]
&‘}_ ) anl ey {033]

EW&

which alzp ¢an be written as a function of the sums of cross products g, 2.5, &. g,

fg=— m{ —-(3 as+1.8 ﬂm"ﬂ{la)} (Cad)

Hence the estimated variance of & 1=

varianee {&n}=9‘%; (C35)

where

9 LE Wa (—-3- -:t:a) —muua:.]. (C38)

The residugl sum of squares B, having (n—1) dogrees of {reedom, can alse be writien as a junc-
tion of the sums of eross products,

Ll 4 2 4 »
2=n0 {% 21 Wn!uffr_g hm—1.2 .@rl'ﬁ Ha+§ M1 +3.24 gyt m+ 2.4 my—-% iez—3.6 a.ﬂ—a.maﬁ} .
{C37)

In the analys=os mada in the preceding sections, the ball-bearing dats have been analyzed
with respect to individusl companies or bearing types, Ii thus seems desirable to determine
whether the data within thess classifications support the hypothesis thet 4,=2/3%, a;=1.8, angd
p=3. The varianca ratio used to test thi= hypothesis is

{R—SJIE

F=
where, for testing within companies,
&, for company A
S=< & for company B defined by cq (C'13) and given in table O-I,
3 for company O
and for tegting within bearing types, al¥ is replaced by A9,
S for B-1
=4 8 for B-2 defined by eq (C26) and given in tabla C-2,
5% for B-3
314




and R (eq (037)) refers to the celeulsted residus] sum of sguares within the particular
classification.

Table C-3 summarizes with respect to compsnies A, B, and C the velues of &, K, the
caleulated Fratio (eq C38), and the critical F valus. Table C—4 summarizea the seme quan-
tities for the B-1, B-2, and B-3-type bearings made by company B.

The results of this analysis show that the values 4;,=2/3, m,=1.8, and p=3 are consistent
for rafing life Ly, data with reapect to each of the three companies. However, for medisn
Iife Ly, these assumed parameter values are consiztent only for the data from company A.

The results for the same analysisa mada on the three different bearing types, indicate
thiat the assumed parameter values ave consistent only for the B—1 and B-2-type bearings
with reapect to median life Ly,

It i interesting to note that the analysia for company B {ignoring besring types) showed
that the assumed valnes for the parameters are consiztent with the Ly, data. Howewer, o
finer analysis by bearing typc revealed that these valucs arc not valid for the B—3-type besar-
ings. Thi= apparent incounsistency =teins from the fact that the aoalysiz for company B,
teken as a whole, 1= domineted by those bearing types having the larger number of test
* groups, 1. ., B—1 and B2, and for these types the parmmeter values were found to bo
consistent with the Ly, data.

The cstimales for f, assuming ¢,=2/3, dx=1.5, and p=273, are summarized in talde 8 of
the main text for rating lile L, This sommary slso inclodes the value of ¥, for company
D computed from ooly three test proups. (Because of the amall number of fest groups, it
was not possible to verily whether the sssomed parameter values are valid for these data.}

Tasre C-1. Summory of compufoliors (by rompantes] &9 tea! fypodhesis Hat datn are constafent with sasuned
voltes o =%, =148 p=4

. I'
Lo |' Lu iyt f
Compsny : Cn};cal
| te=l1n . R F I fia=In [, R -
r’L___________________l & 4205 102, 539286 |*—0 D6 & DEEZ B4, 3GTHI06 0 78 2 E)
| DU I 1 -4 | 28T H13108 0. 42 B ORn4 237 BRORT2 371 2 85
O 8 101 & 375582 . 56 3, 5832 5, 485584 9. 92 3. 59

“Megutivo vulieg disg o rimmding in eul ablntiims

TabLe C-4.  Summory of compulaiions {by beordng dyps) for comparny & fo fea? Rypothesis that date ore conaistend
with oraumed reluet o, =23, m=1.5, p=75
Ly ‘ Ly
Type : Criticat
da=In ¢ R F | dy=1n f, K F
Bl & 4575 T3 821978 | 084 8 2636 44 BH3126 | % 05 2 86
o T ceemaoa| & GEM 181, 125312 1.17 « & 82 141 731604 2 43 270
B3 __ .. & 5203 27.014247 | .81 9, 22 18 B0551T7 21 3. 24
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